Real Numbers

{  EXERCISE1.1 )

1. Identify each of the following as a rational or irrational number:
(i) 2.353535 () 06 Gii)  2.236067... (iv) 7
V) e vi) 7« (vi)  5+11 (vii) 3 +13
. 15
@x) - ®  QC-V2)e+V2)
N
00
Solution ¢y
x<&
(1) Rational (i) Rational (111) lrra(?@g?al (iv) Irrational (v) Irrational
(vi) Irrational  (vii)Irrational (viii)’I\ onal (ix) Rational (x) ‘rational
N
A
2. Represent the followigsg{numbers on number line:
) J2 an 3 Giiy 44
\ 3
Gv) —2% V) g (vi) 2%

Solution

@) /[ (ii) 2

2 | 0 1 D F3

(iii) (iv)
R T T S R T
-5 —4 =3 -2 =1 4] 1 2 3

g
L

b

[P

89 2 (vi)

N

|
8]
|
—_—
[T
[y
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3. Express the following as a rational number 2 where p and ¢ are integers
q
and g # 0:
i) 04 (i) 037 (i) 021
x=0.4 x=0.37
x = 0.4444 ... x =0.3737 ...
10x = 10(0.4444 ...) 100x = 100(0.3737 ...)
10x = 4.4444 ... 100x = 37.3737 ...
10x — x = (4.4444 ...) — (0.4444 ...) 100x — x = (37.3737...) — (0.3737 ...)
9x=4=>x=§ 99x=m<§§=>x=%
x=0.21 W}::}y
N
x = 0.212%...
2O
100x =:+00(0.2121...)
12
1&1,095 = 21.2121 ...

<
R
NY

100x =% = (21.2121...) — (0.2121...)

99 21 21
= : —_ —
X X 99

4, Name the property used in the following:

()  (@td+b=a+(4+h) (i) V2+3=3+\2
() x-x=0 (1) albtc)=ab+tac
vy 16+0=16 (vi) 100x1=100
(vii) 4x(5x8)=@4x5)x8 (viii) ab=ba
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Solution
(1) Associative property over addition (i) Commutative property over addition
(1i1) Additive inverse (iv) Left distributive property Of multiplication over +
(v) Additive identity (vi) Multiplicative identity

(vii) Associative property under multiplication  (viii) Commutative property under multiplication

5. Name the property used in the following:

() -3<-120<2 (ii) Ifa<bthenl>%
a

(i) Ifa<bthenatc<b+c (iv) Ifac<bcandc>0thena <b

(v) Ifac<bcandc<OQthena>b (Vi)\Eithera>bora=bora<b
S
\}’

Solution &3

(1) Additive property ( ) Remprocaipropcﬁy (1) Additive property
(tv) Multiplicative property  (v) M]{Qp\hcatwe property  (vi) Trichotomy property

6. Insert two rational Imm%ers between:
11y 34
1 —and — 11 3 and 4 111 —and —
(1) 3 2 (i1) (1ii) s 5
Solution

=36 =i =k @ e =i =6 =5

Hence required rational are % g

E q1=%(3+4):§ and CIz——( +4) 2(125)_175
15

Hence required rational are s
_ 177 4 1/15 3

=1+ =46 =
2 10 5 2 \10 4

3

4

7
2
1/3 4 1/7 7
il g =3(G+5)=30() =5 and
Hence required rational are o’
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¢ EXERCISE1.2 )

1. Rationalize the denominator of following:
. 13 245 L A2
(1) (i1) ()  —=
4+8 ¥a J5

(1v) PN (V) N (v1) N WG

Solution
13 _ 13 X4—\/§ 13(4- \/_) 13(4—\/5) 13(4+(Z§) _ 3
4+V3  4+V3 T 4=3  (9)2-(y3)® 16-3 (:}
G VEHE VIS V3 _ (VZHVEWE _ \Fﬁ)@ﬁ?é VE+VT5
V3 3 V3 V33 @*' 3
i VZ-1 _ V2-1 ﬁ (V2-1)v5 \/@@51\/_ V105
V§ 45 5 V5.4/5 ;\\ 5

iy SoHZ _ 642 6-4VE ,{%“34\/5)2 _(6)2+(4v2)*—2(6) (4V2)
"6+4VZ  6+4v2 T 642 tg}g)z_(m)z - 36—16(2)

_ 36+32-48V2 _ 68-48V2
~ 36-32 el U 122

g Y3VZ_ VBZ L VBT (V32 _ (V3)*+(v2)*-2(v3)(v2)
VB+VZ O VBHVZ T VB2 (v3)P-(v2): 3-2

=3+2_2‘/€=5_2\/€

1

Vi 43 _ 43 75 4«/—(\F \/_) _ 43(/7-V5)
" TE T Vs B (7)*-(V5)* 7-5

= 2B0TV) — 2\B(V7 ~5)
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2. Simplify the following:

1

. 81 R 3 3YP (4Y 16 -3
22 [ I L RV 027) 3
(1) (IGJ (ii) (4} : [9) X = (i) (0.027)

5.(25)"" = 25- (5)*

. ) 35
' x y‘l x 7%

v | AT A — \' :
() y M S sy
o (16)"+20(47) ’ o
(vi) g (vii)  (64) * +(9) ?
( ) 3J?X9n+l ( ) 51?—3_6'5n+1
vill) ————— X
3ra—l><9n—l 9){ Su_ 4 xsn
Solution
N\
3 3 3 3 <\
. (81\7z _ (16\s _ (2%\a _2¥% 23 8 O
LG =G =) =mmEtE O
<
. 3\ 2 N3 16 Nz a3 16 é}\v 93 16  16X729x16
iG) =G x5=06) () BT E 5 T Toxewzr T 12
N
1 _l /é\\ 3 l 3Xl
L (27 N7z _ (1000)\F _ (10%\s _ 10¥3 _ 10
lii. (0.027) 3 = (1000) N (\\_3})_0\) N (33) T 3
\“Q\g& 1
7 [xMxy2ixz35  rxltxy?Ixz3S\7 4, 7 28\~
Iv. / T —( T ) = (x"* Xy’ xz°°)7
_ x14><; x y7x; % 228><$ = x2yzt

5_(25)n+1_25_(5)2n 5_(52)n+1_52_(5)2n 5_521’1-}-2_52.5211 52n+3_52n+2
' 5_(5)2n+3_(25)n+1 = 5_(5)2n+3_(52)n+1 = 5.52n+3_g2n+2 = 52n+4_g2n+2

52"+2(5-1)  5-1 _ 4 1

T 52m42(52-1)  25-1 24

. (16)"11420(4%%)  (2H)¥*1420.(2%)2%  2¥¥t4yp0.24% 24X th4p0.24%
V1. 2x-35gx+2 T 2x=3x(23)X+2 T 2Xx—3x3x+6 24%+3

_2**(2*+20) _ (16+20) 36 _ 9

24% 23 23 8 2

Visit us @ YouTube “Learning with Usman Hamid”



2 3 2 2 3 3
vii. (64)73 + (9)72 = &Y 7 <9>22 —GE_F_ 2
@77 (645 @ ¥ 16
Viii. 3n><9n+1 _ 3nx(32)n+1 _ 3nx32n+2 _ 33Tl+2 _ 33n+2_3n+3 _ 35 _ 243

3n—-1ygn-1 311—1X(32)Tl—1 3Nn—-1y32n-2 33n-3

5n+3_6.5n+1

X. =777
9x5M—4x5n
_ 5™(5%-6.51)
© 5n(9-22)
125-30 95
9—4 5

3. If x =3 +./8 then find the value of:

_ 1 . 1 \ 1
(1) X+ — (i1) x——’“:\'i,/\\ (i) X’ +—
X x$ X~
I 27 1Y
. 2 X .
(iv) x'—-— v) Q@+ (v1) [x——)
X m X X
: O
Solution O

_ 1 1 85\F 3-V8 3-8 _
X = 3+\/—=>x " 3+\F&>§4\/_ T =5-=3-V8

Hencex—3+\/_and—_3 Sy
|.x+;—(3+\/_)+(3 \/_) 6

ii.x —~=(3+V8) - (3-8)=2v8

i 2%+ = = (x + ) 2=(6)%2-2=36-2=34
iv. x2 ——=( )( —%)-(6)(2\/_)—12\/_

v.x4+—=( ) —2=(34)?%-2=1156—2 = 1154
vi.(x—§)2=(2\/§) —4x8=32
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W2

8—
4, Find the rational numbers p and ¢ such that + \/_
P q A+ 3_\/5 =prdq

Solution

8-3v2
aravz P qV2

8-3vV2  4-3V2 _
4432 X 4-3v2 P+ q\/i

32-24+2- 12\/_+18
p+qvV2
(4)2-(3v2 ) 1

50— 36\/_ +q\/—

16—18

Q
50— 36\/_ (:\:s\
p+qv2 ¢
&
—25+18V2 =p +qV2 <\<3>\'
\<&
Hence p = —25and q = 18 \0\2}
g&.

S
5. Simplify the folloi%’mg:

3

i) = Gy Hden

(25) x (243)°
(16" (8) ST

2 1

216)° x (25)2 12 2 12 4
= X(i) (iv) (as+baJx[a3_a3b3+baj
| 0092
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Solution

3 3 3 3
i (25)2x(243)5 _ (5%)2x(35)5  5%x3%  53x33 _ 125x27 _ 3375
: 5 4 T 5 4 7 95y04 9
(16)4x(8)3 (24)4><(23)3 2°X2 2 512 512
3 2x 2x
54x(27)%x 54x(27)3 . 54x(33)3 . 54x32%%
' 9x+1+216(32x—1) - 9x+1+216(32x—1) - (32)x+1+216(32x—1) - 32x+2+216(32x—1)

54x32% 54 54 _ 54 _ 2

=32x(32+216(3‘1))_(32+216) 9+72 81 3

1 1
> 1 5 1\ 2 2 1 1
... [(216)3x(25)Z (63)3x(52)2 625 62x5 \? 62x5 \2
- R i\ - 100\5 - S 25
(0.04)2 (W) 2 (T)2 (25)2 (5%)2
N\
1 1 :OQ\’{\
_ (62x5)5 _ (ﬁ)E _6 <
“\Us3 ) T \s2) T s R
1 &:}Qw
Iv. ( 3 4+ ) (as — a3b3 + b3) '\C)
O
1 ,{\\
= (az+b ) (as _aibi + b3}
s‘\g ’
12 1 2 1 4 ’\2‘ 2 2 1 2 2 4
= (a3a3 — a3a3b3 + asbs +x‘b3a3 — b3asbs + b3b3)
1 2 1,12 1 4 2 2 12,2 2, 4
= (a§+§ — as 3b3 + a3b3s + a3bs3 — a3b3 3 + b3 3)

3 1/ 4 2 4 6
(s— bs +a bs+a753—a b3+b3)

= a + b?
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€ EXERCISE13 )

1. The sum of three consecutive integers is forty-two, find the three integers.
Solution
Consider three consecutive integers are x, (x + 1) and (x + 2)
O)+x+1D)+(x+2)=42
3x+3 =42
3x =39
x =13
Hence the three consecutive integers are 13, 14, and 15.
2. The diagram shows right angled AABC in which the 2

length of AC is (\/§+\/_)cm The area of AABC is
(1+\/_ 15) ¢cm? Find the length AB 1n\§we form

((h/g +h 5 5) ¢cm, where @ and b are m&éfgaers 4 WBdsem  C
Solution (\
Length of AC = (v/3 +V5) cm ,\\\\V
Area of AABC = (1 +VI5) cm? 2

4%
Area of AABC = - >< base X h@@ht

(1+\/_)——><(\/_+\/—‘}«><AB

(2+2V15) = (V3++5) x 4B
24215 _ 2+2V15 _ V3-V5 _ 2v3-2V5+2/45-2V75

AB = BVE  BE VBB (V3)-(+5)*
15 = 23— 2\/_3+65\/_ 103 —8\/2-4\/5 _ (4\/5_ 2\/5)

3. A rectangle has sides of length 2+ /18 m and [5 —% ]m Express the arca

of the rectangle in the form & + 5~/2 , where a and b are integers.
Solution

Area = Lx W = (2+18) x (5 - %) = 10 - %+ 5V18 - V18 (%)

Area—10—ﬁ+5\/9>< \[%:10—4\/§+5x3\/§—4x/§
Area=10—4\/_+ 15V2 - 12 = (11V2 — 2) m?
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4. Find two numbers whose sum 1s 68 and difference 1s 22.

Solution
Let x equal the first number and y equal the second number. Then

According to condition: x + y = 68 and x-y = 22

x +y = 68 x +y = 68
x-y = 22 —x +y = 22
adding both subtracting both
x = 45 y = 23
5. The weather in Lahore was unusually warm during the summer of 2024. The

TV news reported temperature as high as 48°C. By using the formula,

(°F = % °C +32) find the temperature as Fahrenheit scale.

7

Solution KN
°F =9/5°C + 32 i )
°F = 9/5% 48°C + 32 = 118.4°F \«j}
6. The sum of the ages of the father anc{,s\ﬁ}l 1s 72 years. Six years ago, the father’s
age was 2 times the age of the sop\&fhat was son’s age six years ago?
. AN
Solution N
Son’s current age = X year 17

Father’s current age = 72 — X yg‘é\‘\r

Six years ago, Son’s age = xf;—‘ 6 year

Six years ago, Father’s age = (72 - X) - 6 = 66 — X year

Six years ago, according to condition: 66 —x = 2(x — 6)

Simplifying we get: x =26

Six years ago, Son’s age = 26 — 6 = 20 year

T Mirha bought a toy for Rs. 1500 and sold for Rs. 1520. What was her profit
percentage?

Solution

CP = Rs. 1500

SP = Rs. 1520

Profit = SP — CP = 1520 — 1500 = Rs. 20

Profit
0
- X 100%

Profit Percentage = % X 100%
Profit Percentage = 1.33%

Profit Percentage =
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8. The annual income of Tayyab i1s Rs. 9,60,000, while the exempted amount is
Rs. 1,30,000. How much tax would he have to pay at the rate of 0.75%?

Solution

Taxable Income = Total Income — Exempted Amount
Taxable Income = Rs.960000 — Rs. 130000
Taxable Income = Rs.830000

Tax Rate = 0.75% = 0.0075

Tax Amount = Taxable Income x Tax Rate

Tax Amount = Rs.830000 x 0.0075

Tax Amount = Rs. 6225

9. Find the compound markup on Rs. 3,75,000 for one year at the rate of 14%
compounded annually.

Solution

Principal Amount (P) = Rs. 375000 <&
Rate of Interest (R) = 14% = 0.14 \}’
Time (T) = 1 year o2
Compound Interest (CI) =P X R x T ;":\\'

Compound Interest (Cl) = Rs. 375000 X 0, G4 x 1
Compound Interest (Cl) = Rs. 525\(1&\\
)
2" Method N
Principal Amount (P) = Rs. 3750‘00
Rate of Interest (R) = 14% <" "0.14
Time (T) = 1 year
Compound Interest (CI)=P x (1 +R)T —
Compound Interest (Cl) = Rs.375000 X (1 + 0.14)* — Rs.375000
Compound Interest (Cl) = Rs. 52500
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@ REVIEWEXERCISE 1 )P

1. Four options are given against each statement. Encircle the correct option.

M

(i)

(iii)

(iv)

W)

(vi)

(vit)

(vii1)

J7 is:

(a) integer (b) rational number
(c)\/ irrational number (d) natural number

7 and e are:

(a) natural numbers (b) integers

(c) rational numbers (d)\/ irrational numbers

If » is not a perfect square, then /7 is:

(a) rational number (b) na’rural number
(c) integer (d) \/\ :ﬁratlonal number
B3 is: &

(a) whole number Q‘\b integer

(c) rational number .\:'x (d)\/ irrational number
Forallxe R,x=x1is call/ed’\\\

(a)\/ reflexive propert«y (b) transitive number
(c) symmetric ‘ptrop erty (d) trichotomy property
Leta,b,ceR,thena>band b>c¢c = a> cis called property.
(a) trichotomy (b)\/ transitive
(©) additive (d) multiplicative
2* x 8* =64 then x =
3 3 5
@V ® 2 © 2 @ 3
Leta, b e R,thena=b and b = a is called property.
(a) reflexive (b)\/ symmetric
() transitive (d) additive
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(i) 75427 =
@ iz ® o3 © 53 @V s

(x)  The product of (3 + v/3)(3 —/5) is:

(a) prime number (b) odd number
(c) irrational number (d) \/ rational number
2. Ifa=§,b= > andc=l,thenverifythat
2 3 5
(i) ab+c)=ab+ac (1) (a+b)c=ac+ bc
Solution

l.a(b+c) =ab+ ac

3(5 7 3 (25421 3 (46 138 _ 23
LRS=ab+0)=3(+3) =3(57) =3(%) =5 =%
R.H.S=ab+ac=§(5)+§(z):1—5+2=5+,2étﬁ=23

3/  2\5 6 10 2 (10 10
Hence a(b+c)=ab+ac 5
ii. (a+ b)c = ac+ bc \v
7 9+1o 19\ 7 _ 133
L.H.S—(a+b)c—(— =)= )\S) (6)§ -
\ 4
R.H.S=ac+bc—(§)—+()Z 21\ 35:2 7133

2) 5 5: 10 3 30
Hence (a+b)c—ac+bc i/

3. Ifa= g b= ; z: then verify the associative property of real numbers

w.r.t addition and multiplication.

Solution

We have to verify

(a+b)+c=a+(b+c) and (axb)xc=ax(bxc)
i.(a+b)+c=a+ (b+c)

LHS:(a+b)+c=(§+)+— (w)+2_§ Z:%
RHS_a+(b+c)——+(+) ( ) % :7:_
Hence (a+b)+c—a+(b+c)
ii.(axb)Xxc=ax(bXc)
7 20 7 10 7 70 35

L.H.S=(a><b)><c—( ) I=BxI=UxI=D=2

4 4 35 140 35
RHS—ax(ch)—g ( ) X =o=—
Hence (axb)xc=ax(bxXc)
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4, Is 0 a rational number? Explain.

Solution
Yes, zero is a rational number. A rational number is defined as a number that can

be expressed as the ratio of two integers, i.e., %, where a and b are integers and b is

non-zero. Zero can be expressed as a ratio of two integers, such as: 0 = 0/1
In this case, both 0 and 1 are integers, and 1 is non-zero. Therefore, zero meets the
definition of a rational number.

5. State trichotomy property of real numbers.

Solution
For any two real numbers a and b, exactly one of the following is true:

l.a<b 2.a=b 3.a>b

o
6. Find two rational numbers between 4 and 5.
Solution A
m{'\\s./
Y
=t =1 ma =10 HELE) -
P
A
Hence required rational are %@%
7. Simplify the following:
15 35 6(3)”+2
~ Xy . .
O i) @7’ Y

Solution

1 1 1
. 5[x15y35 x15y35\5 x15><§y35><§ x3y7
l. = ( ) = =
z20 z20 20x: z*
VA 5

ii. 3/(27)2%% = (27)7 = (3%)3 = 3%

6(3)"*2  3M(6x3%) _ 6x9
"(3)mtl-3n  3n(3-1) 2

i =27
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8. The sum of three consecutive odd integers is 51. Find the three integers.

Solution

Let the three consecutive odd integers be x, x+2, and x+4.
X+ (x+2) + (x+4) =51

3X+6=51

3x =45

x=15

Now that we know x, we can find the other two integers:

X+2 =17

L
O
So, the three consecutive integers are 15, 17,}3{1&‘19.

3
N/

9. Abdullah picked up 96 balls and gl\aﬁed them into two buckets. One bucket has
twenty-eight more balls than {éé?tjther bucket. How many balls were in each

bucket? /i}'
Solution R\ ¥

LN
«
~

x+4 =19

Let's say the number of balls?,\fn:' the smaller bucket is x. Since the other bucket has
28 more balls, the number of balls in the larger bucket is x + 28.

We know that the total number of balls is 96, so we can set up the equation:
X+ (x +28) =96

2X +28 =96

2X = 68

x=34

So, the smaller bucket has 34 balls.

The larger bucket has 34 + 28 = 62 balls.

Therefore, the two buckets have 34 and 62 balls, respectively.
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10. Salma invested Rs. 3,50,000 in a bank, which paid simple profit at the rate of

7 Z% per annum. After 2 years, the rate was increased to 8% per annum. Find

the amount she had at the end of 7 years.

Solution

Initial Investment = Rs. 3,50,000
Rate of interest for the first 2 years = 7& % = 7.25% per annum

Interest for the first 2 years = (3,50,000 x 7.25% x 2) = Rs. 50,750
Rate of interest for the next 5 years = 8% per annum

Interest for the next 5 years = (3,50,000 x 8% x 5) = gs 1,40,000

Amount after 7 years = 3,50,000 + 50,750+ 1,4059;554 Rs. 5,40,750
Therefore, Salma had Rs. 5,40,750 at the ep\qﬁfﬁ years.
2O

0
e
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Logarithms
{(EXERCISE 2.1))
1. Express the following numbers in scientific notation:
(1) 2000000 (1) 48900 (1)  0.0042
(iv)  0.0000009 (v) 73x10° (vi)  0.65 x 10

Solution

() 2x10% (i) 4.89 x 10 (iii) 4.2 x 107 (w),gx 107 (v) 7.3 x 10

(vi) 6.5 % 10! 0
<~¢:>
2. Express the following numbers in 0r®1§ry notation:
(1) 8.04 x 107 ) {.}@‘} 3x10° (i) 1.5x 1072
- 7 N -6 - -5
(iv) 1.77x10 /5\ (v) 5.5x10 (vi) 4x10
Solution V
(i) 804 (ii) 300000 (iii) O. 015\\6V) 17700000 (v) 0.0000055 (vi) 0.00004
3. The speed of light f§approx1mately 3 x 10% metres per second. Express it in
standard form.
4, The circumference of the Earth at the equator is about 40075000 metres.
Express this number in scientific notation.
5. The diameter of Mars is 6.7779 x 10° km. Express this number in standard form.
6. The diameter of Earth is about 1.2756 x 10* km. Express this number in
standard form.
Solution

3. 300,000,000 m/sec 4. 4.0075 % 10" m

5. 6779 km 6. 12756 km
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{(_ EXERCISE2.2 ))

1. Express each of the following in logarithmic form:

@H  10°=1000 (i)  28=256 (i) 3°=—

(iv)  20>=400 v) 164= (vi) 112=121

(vi) p=q (viii) (32)_? :%

Solution: log,x) =y b¥Y=x ;b>0x>0b=+#1

1
(1) log,,1000=3 (11) log,256 =8 (iii) log, E =-3 (iv) log,,400=2

1 1 1
(v) log, —=-— (vi)log,,121 =2 (vii) log, p. & (viii) log,, —=—-—
2 4 ~A\J 2
©
D’
2. Express each of the following in expoﬁ‘eﬁtlal form:

(i) log, 125=3 (u)\\« log2 16=4 (iii) log, 1=0
_ N 1 o

(iv) log, 5=1 i/'(V) log, e -3 (vi) 5= log, 3

‘t

1
(vii) S=log, 1‘0‘0000 (viii) log, — v =2

Solution: log,x) =y b¥Y=x ;b>0x>0b=+#1

i) 5*=125 (ii) 2¢=16 (iii) 23° = 1 (v) 5'=5

2 , 1
(vi) 97 =3 (vii) 105=100000  (viii) 4~ =

) 27 = —
16

1
8
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3. Find the value of x in each of the following:
(1) logx 64=3 (1) log5 I=x (111)

(iv) log,x=-3 (v) log, ng (vi)
Solution: log,(x) =y b¥=x ;b>0x>0b=1
i.log,64=3=>x3=64=>x3=43=>x=4
ii.logsl =x=>5*=1=5*=55x=0

jiii. log,.8=1=>x1=8=>x=8

. 1 1
iv.logipx=-3=2103=x2x=—=2>x=—
810 103 1000
3 3 /{\
3 > 2\5 3 o)
V.log4x=5=>42=x=>x=(2 2=>x=2"=>%x=28
“»{;9‘
vi.log,1024 = x = 2X = 1024 = 2* = 2105k = 10
{\\w/
<&
X
/’\
p
AY
A
&
N\

20

log 8=1

log,1024=x
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{(_ EXERCISE 2.3 )

1. Find characteristic of the following numbers:

(1) 5287 (i)  59.28 (iii))  0.0567
(iv) 2347 (v)  0.000049 (vi) 145000
Solution
i 3 (i) 1 (iii) -2 (iv) 2 (v) =5 (vi) 5
2. Find logarithm of the following numbers:
i) 43 i) 579 (iii)  1.982
(iv)  0.0876 ) 0'0470{3’\ (vi)  0.000354
Solution K23
i. log43 = 1.6335 Charactegstic= 1, Mantissa = 0.6335
R4
ii. log579 = 2.7627 Cha}[;e\(&é'ristic = 2, Mantissa = 0.7627
AY
. 10g19.82 = 1.2971 :@hia/racteristic = 1, Mantissa = 0.2971

3
A\

>
iv. 10g0.0876 = —2 + 0.9425 = —1.0575 Characteristic = —2, Mantissa = 0.9425
V.10g0.047 = —2 + 0.6721 = —1.3279  Characteristic = —2, Mantissa = 0.6721
Vi. 10g0.000354 =—4+ 0.5490 = —3.4518 characteristic = —4, Mantissa = 0.5490

3. Iflog3.177 = 0.50109, then find:

(1) log 3177 (i) log31.77 (i)  log 0.03177
Solution
I. 1og3177 = 3.5019 Characteristic = 3, Mantissa = 0.5019
ii. log31.77 = 1.5019 Characteristic = 1, Mantissa = 0.5019

. 10g0.03177 =-2+4+ 0.5019 = —1.4981 Characteristic = —2, Mantissa = 0.5019
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4. Find the value of x.
i)  logx=0.0065 (1) logx=1.192 (1)  logx=-3.434
(iv) logx=-1.5726 (v) logx=4.3561 (vi) logx=-2.0184
Solution

I. logx = 0.0065 = x = antilog(0.0065) = x = 1.015

ii. logx = 1.192 = x = antilog(1.192) = x = 15.56

iii. logx = —3.434 = logx = —4 + 4 — 3.434 = x = antilog(4.566)
= x = 0.0003681

iv.logx = —1.5726 = logx = —2 + 2 — 1.5726 = x = antilog(2.4274)

7

O
= x = 0.02675 O
.
V. logx = 4.3561 = x = antilog(4.3561) == 2270
&.} B
vilogx = —2.0184 = logx = —3 + 3 %2:0184 = x = antilog(3.9816)
R
N\
= x = 0.009585 A0
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{(_ EXERCISE 2.4 )

1. Without using calculator, evaluate the following:

(i) log,18-log, 9  (ii) log, 64+log, 2 (iii) %log3 8—log,18

(iv) 2log2+log 25 (v) élog4 64+2logs25 (vi) log,12+log, 0.25
Solution
i. log,18 —log,9 =log,(2 X 9) — log,9 = log,2 + log,9 — log,9

=log,2 =1
ii. 1og;64 +log,2 = log, (2 X 2 X 2 X 2 X 2 X 2) +dog,2

= log,(2°) + log,2 = 6log,2 + logZZ:ff:Yg(});zZ =7(1)=7
ii. Z10g38 — log318 = ~logs(2 X 2 X g\bﬁi%gg(z X 3 X 3)

A\
= §10g3 (23) —log;(2 x 32 ’éﬁ\éloggZ —log;2 — 2log33
R

= log,2 — logs2 — gggg’§‘§‘= —2(1) = -2
Iv. 2log2 + log25 = 2log2 -Ii log(5%) = 2log2 + 2log5 = 2(log2 + log5)

= 2log(2 X 5) = 2log10 = 2(1) = 2
V. %10g464 + 2logs25 = §10g4(43) + 2logs(52) = 210g44 + 2 X 2logs5

=log,4 + 4logs5=(1)+4(1)=1+4=5

12

vi.logs12 + log50.25 = log312 + logs % = log312 + log3i = log, ”

=logz3 =1
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2. Write the following as a single logarithm:

@) %Iog 25+ 21log3 (ii) log 9 — log %

(iii)  logsb*.log,5 (iv)  2log,x+log, y

v) 4log, x—log, y+log, z (vij 2Ina+3Inb-4Inc
Solution

i, %logZS + 2log3 = %log(SZ) + log(3%) = log5 + log9 = log(5 x 9) = log45
. log9 — logg = log (%) = log(9 X 3) = log27
3

loga loga5 _ , logab

iii. logsb?.1og,5° = 2logsb x 3log,5 = 2 1‘;2/5 X 3 lzz/aa =6 "(*‘i) = 6log,b
Vi. 2logsx + logsy = logs (x?) + logsy = logsx2y

vi. 2Ina + 3Inb — 4Inc = Ina? + Inb? — Inc* = In

2b3

ct /\
(\
3. Expand the following using laws of 10gar1ﬂ1ms
2
i) log(%] (i) 1og5\$§_ (i) In [“—j]
. é ¢ \\ : 1—a Y
(iv) 1og[ﬂ] g,v}\ W (vi) logz[ . ]
z

Solution SO

\
a2

. 11 .‘:‘«

I. log (?) = log11 — log5 1 3

ii. logsV8a® = log: (23 x a®)z = logs (25 X a3) = %logsz + 3logsa
i 1n( =) = Ina? + Inb — Inc = 2Ina + Inb — Inc

1

. 9 1 1
iv. In (%)9 =In (%) = 5 [Inx + Iny — Inz]
1 4
v. In¥V16x3 = In(2* x x3)5 = In (25 X x) = 2In2 + Inx
. 1-a\°>
vi.log, (%) = 5log, (") = 5[log, (1 — a) - log;b]
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4. Find the value of x in the following equations:
(1) log2+logx=1 (i) log, x+1log, 8=5
1 x—6
i) (81 =(243)" (iv) (] — 27
27
(v)  log(5x-10)=2 i) log, (x+1)~log, (x—4)=2
Solution

I.log2 +logx =1 = log2x =logl0 > 2x=10=>x=5
ii. log,x + log,8 = 5 = log,x + log,8 = 5log,2 = log,8x = log,2° > 8x=32=>x=4
iii. (81)* = (243)**%2 = (3H)* = (3°)*2 =3 =35%*+10 55y 4+ 10 =4x =2 x = —10

x—6
iV, (%) =27>(33)¥6=3333**18=335 _3x4+18=3>x=5

V. log(5x — 10) = 2 = log(5x — 10) = 2logl0 = log(Qx —10) = log10?
=>5x—10=100=>5x=110=>x = 22 :\

vi.log,(x+ 1) —log,(x—4) =2= logz ( 1);——;?2105322
= log, (Xi) log, 22 : — =4 ?«\X F1=4x—16
=>3x=17=>x—?zx 5 \“’
5. Find the values of the ﬁoﬁbwmg with the help of logarithm table:

_ 3.68 x 421 .
(i) 230 (i)  4.67x2.11 x2.397
3
G (20.46)* x (2.4122) i) 39.364 x 21.64
754.3 321

3.68x4 21) —277

5(1). log( .5.234.1

Solution
Let x = 3.68x4.21
5.234
logx = log (3 658;:21) taking logarithm on both sides

logx = log(3.68) + log(4.21) — log(5.234)
logx = 0.5658 + 0.6243 — 0.7188

logx = 0.4713

x = antilog(0.4713)

3.68x4.21
= log (222) = 2.960
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5(ii). log(4.67 x 2.11 x 2.397) =777
Solution
Let x = 4.67 X 2.11 x 2.397
logx = log(4.67 x 2.11 x 2.397)  taking logarithm on both sides
logx = log(4.67) + log(2.11) + log(2.397)
logx = 0.6693 + 0.3243 + 0.3797
logx = 1.3733
x = antilog(1.3733)
= log(4.67 x 2.11 x 2.397) = 23.62

2
5(“|) lOg (20.46?752(;.4122)] —7277

Solution
2
Let x = (20.46)%x(2.4122)
754.3

2
logx = log [(20 46)752(: 4122)] taking logarithm on b%h sides

logx = 210g(20.46) + log(2.4122) — log(754. 3)0«/

logx = 2(1.3109) + 0.3824 — 2.8776 p Ko )
logx = 0.1266 A\
x = antilog(0.1266 R
1 [(zo.zgtg)zx(z.MgZ) — 1.339 \\\V
754.3 - AN
/ &

3 ts\
5(iv). log [\/9.36::(121.64)] —o 7\7: N\

Solution N
3
Loty = \/9.36:2(121.64)
3
logx = log[ '9'3632221'64) taking logarithm on both sides

logx = glog(9.364) + log(21.64) — log(3.21)
logx = §(0.9715) +1.3353 — 0.5065

logx = 1.1526
x = antilog(1.1526)

3
> log V9364x(21.64)| _ 14.21
3.21
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6. The formula to measure the magnitude of earthquakes is given by
M=log,, (%) If amplitude (4) is 10,000 and reference amplitude (4,) is 10.
What is the magnitude of the earthquake?
Solution
A 10000
M=1lo —[=1o =
810 [ Ao] 810 [ ]
M =logye |[“iom| = M = 10g1,[1000] = M = log;o[10%] = M = 3logy(10)
10000
> M= logm[ ] = logqo [ 0 ] = 3 rector scale
7. Abdullah invested Rs. 100,000 in a saving scheme and gains interest at the rate

of 5% per annum so that the total value of this investment after 7 years is Rs y.
This is modelled by an equation y = 100,000 (1.05), ¢ > 0. Find after how many
years the investment will be double.

Solution A
Initial investment = Rs. 100000 O
Interest rate = 5% per annum QO
Total value after t years =y \:\‘3:9

X

The equation modeling this situation is: ,\
y = 100000 x (1.05)* \&
We want to find years when the |nve§ment will be double, i.e., y = 2,00,000
200000 1,00,000 x (1.05)%.2
= (1.05)" = log2 = log(1. QS) = log2 =t X log(1.05)
log2 0 301Q

8. Huria is hiking up a mountam where the temperature (T) decreases by 3% (or a

factor of 0.97) for every 100 metres gained in altitude. The initial temperature
h

(7)) at sea level is 20°C. Using the formula 7 =7x0.97%, calculate the
temperature at an altitude (%) of 500 metres.

Solution
First method Second method

h h
T =T X (097)10 | T = T; X (0.97)10

500 500
T =20 X (0.97)100 | T =20 X (0.97)100
T =20 x (0.97)> |logT =log(20 x (0.97)°)
T =20 x 0.859 logT =log20 + 5log(0.97) = 1.3011 + 5(—0.0133)
T = 17.17°C logT = 1.2346 = T = antilog(1.2346)

T =~ 17.17°C

Visit us @ YouTube “Learning with Usman Hamid”



28

@ REVIEW EXERCISE 2 )P

1. Four options are given against each statement. Encircle the correct option.
(i) The standard form of 5.2 x 109 is:
(a) 52,000 (b) 520,000 (c) \/ 5,200,000 (d) 52,000,000
(i1) Scientific notation of 0.00034 is:
(a) 3.4x10° (b)\/3.4 x10™* (¢) 3.4x10* (d) 34x107

(iii)) The base of common logarithm is:

@ 2 V10 © 5 ) e
(iv) log, 2= .

@ 1 ® 2 CHEN @V
(v) log100= . m\jl\\

(@) /2 ® 3 (@, 10 @ 1

(vi) Iflog?2=0.3010, then log 200 is: /\‘\\
(@) 13010 (b)  0.6010.2 oV 23010 (d) 2.6010

wii) log (0)= N

(a)  positive (b) gé‘gfiﬁive (©) Zero (d)\/ undefined
(viii) log 10,000 =

@ 2 By 3 ©V 4 d 5

(ix) log5+log3=

@ log0 b log2 () log G) @V log 15

(x) 3" =81in logarithmic form is:

(@) log,4=281 (b)  log,3=81
OV log,81=4 @  log,81=3
2. Express the following numbers in scientific notation:
(i) 0.000567 (i) 734 (iii) 0.33 x 10°
Solution

() 5.67x10% (i) 7.34x 10*  (iii) 3.3 x 102
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3. Express the following numbers in ordinary notation:
(1) 2.6 x 10° (i) 8794 x10* (i) 6x107°
Solution

(1) 2600 (i1) 0.0008794  (iii) 0.000006

4, Express each of the following in logarithmic form:
(1) 37=2187 (ii) a’=c (i) (12)*=144
Solution
i) log,2187=7 (i) log, c=b (iii) log,, 144 =2
5. Express each of the following in exponel;l\tial form:
(1) log,8 =x (11) 10g972%%$§ (1)  log,1024 =35
Solution 0"

(i) 4=8 (i) 9°=729 g\i&iﬁ"’aﬁ =1024
~O

AN
6. Find value of x in the fgjl)owing:
N\

&N Ix 2x
R\ 1 1
1 logox =S (i — | =27 111 — | =64
(1) g (11) (9) (111) (32]
Solution
i.logogx=05=>x=9% = x= (32)%=>x=3

i, (g)gx =27 (Siz)“ =335 (37 =38 536" =33

> -6x=3>x=—2x=—=
2X 2X 6 2
e (1 _ 1 _ 96 -5\2x _ 76 -10x — 96
|||.(32) —64:(25) =20=227)*=2°=2 =2
> 10x=6>x=——x=—2
10 5
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7. Write the following as a single logarithm:
(1) 7 log x — 3log y* (i) 3 log4 —log 32

(111) %(I(}ng5 8+ log, 27)—log, 3

Solution
7
i. 7logx — 3logy? = logx” — logy® = log;—6
ii. 3log4 —log32 = log43 —log32 = logg = log:—: = log2
ii. - (logs8 + logs27) — logs3 = - [logs(8 x 27)] — logs3
1
= §[10g5(216)] —logs3 = logs(63)3 — logs3
= logs6 —log:3 = logsg = logs2
'\

(\
8. Expand the following using laws of logarlthms

(i) log(xyz%) (if) tegg fww i) log\BY
Solution \fm
i. log(xyz®) = logx + logy + logz \-<§I‘0gx + logy + 6logz
ii. log; Ym®n3 = log;, (m5n3)6 /i/[iogﬂn + log3n ]= [510g3m + 3logsn]

iii. logv8x3 log(8x3)2 1;6g(23 3)2 log(Zx)z = %[logz + logx]

9. Find the values of the following with the help of logarithm table:
: . 36.12x750.9
1 J68.24 i 319.8 x 3.543 1
() W) ) 113.2%x9.98
9(i). log[V68.24] =277
Solution

1
Let x = 1/68.24 = (68.24)3
1
logx = log(68.24)3 taking logarithm on both sides
logx = %log(68.24) = %(1.8340)

logx = 0.6113
x = antilog(0.6113)

= log[/68.24| = 4.086
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9(ii). 1og(319.8 x 3.543) =277
Solution
Let x = 319.8 X 3.543
logx = 10g(319.8 X 3.543)  taking logarithm on both sides
logx = 10g(319.8) + log(3.543)
logx = 2.5049 + 0.5494
logx = 3.0543
x = antilog(3.0543)
= log(319.8 x 3.543) = 1133

36.12x750.9
9(iii). 10g (T3 o099 =777

Solution
Let x = 36.12X750.9
3627509
logx = log (m) taking logarithm on both S|de§

logx = log(36.12) + log(750.9) —log(113.2) —&Q§X9 98)
)

logx = 1.5578 + 2.8756 — 2.0539 — 0.9991 Gy

logx = 1.3804 xZ

x = antilog(1.3804) R\
36.12x750.9 _ \%;

=>log(1132 998)_24'01 \,\\\\

10.  Inthe year 2016, the populatf@n of a city was 22 millions and was growing at a
rate of 2.5% per year. Tﬁe function p(t) = 22(1.025)" gives the population in
millions, ¢ years aftepQ'Ol6 Use the model to determine in which year the
population will reach 35 millions. Round the answer to the nearest year.

Solution
P(t) = 22 x (1.025)¢

35 = 22 x (1.025)¢ when P(t) = 35

1.591 = (1.025)¢ dividing by 22

log1.591 = t X logl1.025  taking logarithm on both sides
0.2014 = t X 0.0107 >t ="

t= 18.81 = 19 years
Since t represents years after 2016, add 19 to 2016:
Year ~2016 + 19 = 2035
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Sets and Functions

{(EXERCISE 3.1))

1. Write the following sets in set builder notation:
@ {1,4,9,16,25,36,...,484} (i) 12,4, 8, 16,...,256}
(iii)  {0,+1,+2,...,+1000} (iv) {6,12,18, ..., 120}
v) {100, 102, 104, ..., 400} vi) {1,3,9,27,81, ...}

(vii) {1,2,4,5,10,20,25,50,100} (viii) {5, 10,15, ..., 100}

(ix)  The set of all integers between — 100 aQQ\I 000
@)

Solution o

() {x[x=n% n€eNA1<n <22} (i) {X|X§zn,n eNAl<nc<8}
(iii) {x|x € ZA —1000 < x < 1000} (iV)&]x=6n,nENA1<n <20}
(V) {x|[x =100+ 2n,n € WA O < n;;\{}SO} (vi) {x|x =3",n € W}
(vii) {x|x is a divisor of 100} ,(.l\zﬁ\i) {X[x=5n,neENA1<n< 20}
(iX) {x|x € ZA—-100 < x < 1Q§9}

R Y
N

2. Write each of the fsflowing sets in tabular forms:
(1) { x|x isamultipleof 3 A x <36} (ii) {x|xe RA2x+1=0}
(i) {x|xe PA x<12} (iv)  {x|xisadivisorof 128}
(v) {x|x=2",ne NAn<8} (vi) {x|xe NAx+4=0}
(vil) {x|xe NA x =x} (viii) {x|x€ZA3x+1=0}
Solution
. . 1
G)  {3,6,9, ..., 36} (i) {——
2
(iii) {2,3, 5,7, 11} (iv) {1,2,4,8, 16,32, 64,128} (v) {2,4,8,16,32,64,128)
(vi) {} (vir) {1,2,3,4,5,...} (viii) { }
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3. Write two proper subsets of each of the following sets:
(1) {a, b, ¢} (i1) {0, 1} (i) N vy Z
(v) 0 (vi) R (vi) {x|xe QOA0<x<2}
Solution

I. The Proper subsets of {a, b, c} are {a}, {b}.

Ii. The Proper subsets of {0,1}are {0}, {1}

Iii. The Proper subsets of N = {1,2,3,... }are {1}, {2}.

Iv. The Proper subsets of Z={...,—-3,-2,—-1,0,1,2,3, ... } are {1}, {2}.
v. The Proper subsets of Q are {1}, {2}.

vi. The Proper subsets of R are {1}, {2}.

vii. The Proper subsets of {x|x € QA0 < x < 2} are {1}, {2}.

4. Is there any set which has no proper subset? If so, name that set.

Solution A
Yes, { }org O

5. What is the difference betwéén {a, b} and {{a b}}

Solution AV
{a,b} is a set containing two elements\@%d b while {{a,b}} is a set
containing one element {a,b}.

,\\
6. What is the number of ele([(én'fs of the power set of each of the following sets?
(1) { } (J}) {0, 1} Gii)  {1,2,3,4,5,6,7}
av) {0,1,2,3,4 536, 7} (v) {a, {b, c}}
vi)  {{a, b}, {b,c}, {d, e} }
Solution
(1) 1 (1) 4 (111) 128 (iv) 256 (v) 4 (vi) 8

7. Write down the power set of each of the following sets:
(1) {9, 11} (i) {H-=x+ (i) {§ (V) {a (b}

Solution
I. The Power set of {9,11} is { o, {9}, {11},{9,11}}.
Ii. The Power set of {+, —,%,=}is
{@{+} =3 O3 L =L I b {3 = xh =1 3 {4+ =3
{+, =L {+ X+ {=%h {+ = x+}}
iii. The Power set of {¢} is { @, {¢®}}.
iv. The Power set of {a, {b, c}} is {(p, {a}.{{b, 3}, {a (b, c}}}.
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{ Exercise 3.2))

1. Consider the universal set U= {x: x is multiple of 2 and 0 <x < 30},

A= {x:xis amultiple of 6} and B = {x : x is a multiple of 8}

(1) List all elements of sets 4 and B in tabular form
(11) FindAN B (i)  Draw a Venn diagram
Solution
(1) A=1{6,12, 18, 24,30}, B= {8, 16, 24} (1) AN B= {24}
U 28
, A e 26
6 12 22
4
g &
10 14 O

2. Let, U = {x:x1s an integgg«‘é’fﬁd 0 <x <150},
G={x:x=2" fggﬁféger m } - and

RS
H={x:xis %;félquare}
(1) List all elements of sets G and 7/ in tabular form
‘::\\'

(i) FindGuUH (iii) FindGNnH
Solution
(1) G¢G=1{1,2,4,8,16, 32, 64, 128},

H=1{1,4,9, 16, 25, 36, 49, 64, 81, 100, 121, 144}

(i) GUH=1{1,2,4,8,9,16,25, 32, 36, 49, 64, 81, 100, 121, 128, 144}
(1) G H={1,4, 16, 64}

3. Consider the sets P= {x : x is a prime number and 0 <x <20} and
Q= {x:xisadivisor of 210 and 0 <x <20}
(1) Find Pm Q (11) Find PU Q
Solution

()PNnQ=1{2357911,13,17,19} n{1,2,3,5,6,7, 10,14, 15} = {2,3,5,7}
(i)PuUQ = {2,3,5,7,9,11,13,17,19} U {1,2,3,5,6,7,10,14,15}
PUQ=1{1,23,5,6,7,10,11,13,14,15,17,19}
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4. Verify the commutative properties of union and intersection for the following

pairs of sets:
() A=1{1,2,3,4,5}, B=1{4,6,8,10} (i) N Z
(i) A={x|x € Ran x>0}, B=R.

Solution

4.(i))AUB=BUA also AnNB=BnA

AUB =1{1,2,3,45}U {4,6,8,10} = {1,2,3,4,5,6,8,10}

BUA = {4,6,8,10} U {1,2,3,4,5} = {1,2,3,4,5,6,8,10}

HenceAUB=BUA

ANB =1{12345}n{4,6,810} = {4}

BN A={46810}n{1,23,45} = {4}

HenceANB=BnNA

AGYNUZ=ZUN also NnZ=ZnN

NUZ=1{123,..3U{0,+1,42,43,..} ={0,+1, 2,43, ...}

ZUN={0,41,+2,43,..3u{1,23,..} = {0, £ [+2,43, ...}

Hence NUZ=ZUN ny

NnZ={123,..3n{0,+1,+2,+3,..} =91,2,3, ...}

ZON={0,+1,42,43,..}n {1,2,3,.@2 1,2,3,..}

Hence NNZ=ZNN AN

4(ii)AUB=BUA also AWB=BnA

AUB =1{0,12345}UR ig«?«‘"‘

BUA=RU{0,1,23,4,5} =R

HenceAUB=BUA

ANnB=1{0,12345}nR ={0,1,23,4,5}

BnA=Rn{0,1234,5}={0,12345)

HenceANB=BnNA

5. Let U= {a, b,c,d, e, f, g h,i,j}
A: {G‘, bs C: d‘: gs h}: B: {C, d’ e’f;j}’
Verify De Morgan's Laws for these sets. Draw Venn diagram
Solution
We have to verify
(AUB) =A'NB’
(AnB) =A"UB’
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(AuB) =A'nB’

A={ab,c,d g, h}

B={c,d,efj}

U={a, b,c,d, e f g hij}
=U-A

, G ,e,f,9,h1i,j}-{ab,cd g, h}

e, f0,hi,j}-{c defj}

o
b c,defghj}

(Au B) =U (AuB)
={a,b,c,defgnhij}-{ab,cdefghj}
={i}

A'nB'={e, f,i,j} N {a,b, g h,i}

={i}

ool
= e ‘f-ﬁm-h
oo Il D

> 1o
C

(AnB) =A'UB’
A={ab,cd g, h}
B={c,d,efj}
U={a b,cdefghiij}

=U-A
={a,b,c,defghij}-{abcd g, h}
={e, f,i,j}
B'=U-B
={a,b,c,d e f g hij}-{cdefj}
={a, b,g h, i}
ANB={c,d}
(AnB)=U-(ANB)
={a,b,c,defghij}-{cd}
={a,b,efghij}
A'uB'={e f i, jju{ab,gh,i}
={a,b,e fghij}

\ "“‘w =y 7, -
/:\ NG asa
N/ S

ﬁ.}

6. IfU={1,2,3,..
(i) AuA=U (ii)

Solution
U={123,.

., 20} and A—{L<3
QimU A (i)

.,20} and 4 = {1,3 5,,\"19}

., 19}, verify the following:
An A =4¢

A=U-A={123,..20} - {1; 3/5,...,19} = {2,4,6, ..., 20}
()AUA = {135,..,19} U {246, 20} ={1,23,..20} = U
(iVANU={135,..19}A¥1,2,3,..,20} = {1,3,5,...,19} = 4
(i) AnA" = {1,35,...19} N {2.4,6,..,20} = ©

7. In a class of 55 students, 34 like to play cricket and 30 like to play hockey.

Also each student likes to play at least one of the two games. How many

students like to play both games?

Solution
n(C)=34; n(H)=30;

n(C U H) =n(C) + n(H) —n(C N H)

55 = 34 + 30 — n(C N H) =55 =

= n(C N H) = 64- 55
= n(C N H) =

n(U)=55 ;

n(CUH)=55

64 — n(C n H)
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8. In a group of 500 employees, 250 can speak Urdu, 150 can speak English, 50
can speak Punjabi, 40 can speak Urdu and English, 30 can speak both English
and Punjabi, and 10 can speak Urdu and Punjabi. How many can speak all three
languages?

Solution

N(UUEUP) =500 ; n(U)=250 ; n(E)=150 ; n(P)=50

Nn(UNE)=40 ; n(ENP)=30 ; n(UNP)=10

n(UNENP)=72?7?
NUUEUP)=nU)+nE)+nP)-n(UNE)-—n(ENP)-n(UNP)+n(UNENP)
500=250+150+50-40-30-10+n(UNENP)

500=450-80+n(U NENP)

500 =370 + n(U N E N P) &
n(UNE N P) =130 P
9. In sports events, 19 people wear blue,Qharts 15 wear green shirts, 3 wear blue

and green shirts, 4 wear a cap and htue shirts, and 2 wear a cap and green shirts.
The total number of people W1t~fpe1ther a blue or green shirt or cap is 34, How
many people are wearmg caﬁy’V

Solution
n(B)=13:n(G)=15; (C)‘°:H(B0G)=3;n(BnC)=4
nGNC)=2 ; nBUGUC)=34 , n(BNGNC)=0

NBUuGUC)=nB)+n(G)+n(C)-nBNG)-nBNC)-n(GNC)+n(BNGNC)
34=19+15+n(C)-3-4-2+0

34=34-9+n(C)

n(C)=9
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10. In a training session,17 participants have laptops, 11 have tablets, 9 have
laptops and tablets, 6 have laptops and books, and 4 have both tablets and books.
Eight participants have all three items. The total number of participants with
laptops, tablets, or books is 35. How many participants have books?

Solution
n(L)=17 ; n(M=11; nLNT)=9 ;n(LNB)=6 ; n(TNB)=4

n(LNTNB)=8 ; n(LUTUB)=35
n(LUTUB)=n(L)+n(T)+nB)-n(L NT)—n(L NB)—n(T N B)+n(LNTN B)
3b=17+11+n(B)-9-6-4+8

35=17 + n(B)

n(B) = 18

11. A shopping mall has150 employees Iabelled\\l to 150, representing the
Universal set U. The employees fall into the f({[i})wmg categories:
* Set A: 40 employees with a salary range; 9?["301{-451{ labelled from 50 to 89.
» Set B: 50 employees with a salary ra@ge of 50k-80k, labelled from 101 to

150. N
+ Set C: 60 employees with a salé@'range of 100k-150k, labelled from 1 to 49
and 90 to 100. \\
(a) Find (4 U B ) niz (a)  Find n{Am(B” A CC)}
Solution

’t
A3
“\

U=1{123,..,150} ; n(U) = 150

A ={50,51,52,..,89} ; n(A) = 40

B = {101,102, ...,150} ; n(B) = 50
C={1,23,..,49,90,91, ...,100} ; n(C) = 60

A=U-A4={123,..,150} — {50,51,52, ...,89} = {1,2,3, ...,49,90,91, ...,150}
B'=U-B={123,..,150} — {101,102, ...,150} = {1,2,3, ...,100}
C'=U-C={123,..150} — {1,2,3,...,49,90,91, ...,100} = {50,51,52, ...,89}
(i) (A’ UB)NC =227

A'UB' ={1,23,..,49,90,91, ..,150} U {1,2,3, ...,100} = {1,2,3, ...,150}
(AUB)NC=1{123,..,150}n{1,2,3,...,49,90,91, ...,100}

(A UB)NC=1{123,..,49,90,91, ...,100}
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(i)nfAn(B'NncC')} =77
B'nC' ={12,3,..,100}n {50,51,52, ...,89} = {50,51,52, ...,89}
An(B'ncC") ={5051,52,..,89}n {50,51,52, ...,89} = {50,51,52, ...,89}
nfAn(B'NnC)} =40
12.  In a secondary school with 125 students participate in at least one of the
following sports: cricket, football, or hockey.
* 60 students play cricket.
» 70 students play football.
» 40 students play hockey.
» 25 students play both cricket and football.
» 15 students play both football and hockey.
» 10 students play both cricket and hockey.
(a) How many students play all three sports?
(b) Draw a Venn diagram showing the distribution of sports
participation in all the games. \'Q

m\,/

Solution O
nN(CUFUH) =125 ; n(C)=60 ; n(F):Z\”,», n(H) =40

N(CNF)=25;: n(FNH)=15 : n(c\@‘h) 10:n (CNFNH)=2?
n(CUFUH)—n(C)+n(F)+n(H)r§]<1\(CﬂF) n(F N H)—n(CNH)+n(CNFNH)
125 = 60 + 70 + 40 — 25 — 15ﬂ1%+n(CﬂFﬂH)

n(CNFNH)=125-60 - 70 40 + 25 + 15 + 10

nN(CNFNH)=5

avA
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13. A survey was conducted in which 130 people were asked about their favourite
foods. The survey results showed the following information:
» 40 people said they liked nihari
* 65 people said they liked biryani
* 50 people said they liked korma
» 20 people said they liked nihari and biryani
* 35 people said they liked biryani and korma
» 27 people said they liked nihari and korma
» 12 people said they liked all three foods nihari, biryani, and korma
(a) At least how many people like nihari, biryani or korma?
(b) How many people did not like nihari, biryani, or korma?
(¢) How many people like only one of the following foods: nihari,
biryani, or korma?
(d) Draw a Venn diagram. A
Solution )
NINUBUK) =272 ; n(N)=40 ; n(B)=65 '\h(K) 50

n(NNB)=20 ; n(BNK)=35; n(NmK}'-27 n(NNBNK)=12

a) At least how many people like Nlha(p Biryani or Korma:

n(N U B U K)=n(N) +n(B) + n(P%\n(N NB)-n(BNK)-n(NNK)+n(NNBNK)

n(NUB UK)=40+65+ 5q§,§§0 3527 + 12

n(NUBUK) = 85 )

b) How many people did not like Nihari, Biryani or Korma:

Total people = 130

People who like nihari, biryani, or korma = 85

People who did not like nihari, biryani, or korma = 130 — 85 =45

¢) How many people like only one of the Nihari, Biryani or Korma:

People who like only nihari = n(N) —n(N N B) —n(N N K) + n(N N B N K)
=40-20-27+12=5
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People who like only biryani =n(B) —n(N N B) —n(B N K) + n(N N B N K)
=65-20-35+12=22

People who like only korma = n(K) — n(N N K) —n(B N K) + n(N N B N K)
=50-27-35+12=0

Total people who like only one food =5 + 22 + 0 = 27

U

(d)

Visit us @ YouTube “Learning with Usman Hamid”



42

¢ EXERCISE 3.3 ))

1. For A= {1, 2, 3, 4}, find the following relations in 4. State the domain and

range of each relation.

® A [y=x}
(i) {Cx,y) [x+y <5}
Solution
A={1234}

AxA={1234}x{1,234} =

(i) {C, ) [y +x =5}
(V) {(x,y) |x+y>5}

{(1,1),(1,2),(1,3),(14),(2,1),(2,2),(2,3), (2,4, (3, 1), (3,2),(3,3), 3,4), (4. 1), (4,2), (4.3), (4.4)}

1) {1, 1),(2,2),3,3), 4 4}
Domain of (i) = {1, 2, 3, 4}
Range of (1) = {1, 2, 3, 4}

x (1,4) 1
A\
x23) oW
A\

X2

x (41)

(i1)

b

1 2 3 4 5 %

] T R PSRN U ]

() {1, 1),(1,2),(1,3),(2,1),(2,2),3, 1)}
Domain of (iii) = {1, 2, 3}

Range of (iii) = {1, 2, 3}

™

\y

A
N

*(1,1)

e (4,4)
*(3,3)
*(2,2)

1

\
Cd
X

2 3 4 5

{(1,4),(2,3),3,2), 4 1)}
Domain of (i1) = {1, 2, 3, 4}
Range of (1) = {1, 2, 3, 4}

(Y

=] = bk W A
M M 1 L L
Y Y T y

2 3 4 5 %

(iv)

[—1 BT ¥ B #H I S 7 ]
1 L L : 1
X
X

a4

{2,4),(3,3),(3,4),(4,2),4,3),(4, M}
Domain of (iv) = {2, 3, 4}
Range of (iv) = {2, 3, 4}
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2. Which of the following diagrams represent functions and of which type?

Ly
I
4 A 2 J

1 > .
3 H > m’—/}#/(' \
3 } > "
Fig (3) g Fig (4)
- e /\\
Solution O

Fig (1) does not represent a function.  Fig (2) represent§-a function, which is a bijective function.
Fig (3) represents a function, which is a bijective funetien.
Fig (4) represents a function, which is an into fungtien.

3. Ifg(x)=3x+2and }@&’xz + 1, then find:
9.\

O 2@ &) g3 i ¢[3)

N
N
N

(iv) A(1) v) h(-4) (v1) f{-%)

Solution

Lg(x)=3x+2=g(0)=30)+2=g(0) =2
h.gx)=3x+2=g(-3)=3(-3)+2=>g(-3)=-9+2=>g(-3)=-7
i, g =3x+2=g(3)=3(3)+22g(3)=2+2=g(3) =4
iv.h(x) =x2+1=h(1) = (1D2+1=2h(1)=1+1=h(1) =2

V.h(x) =x*+1>h(-4) =(-4)?+1>h(—4)=16+1 > h(—-4) =17

vi.h(x)=x2+1=>h(—§)=(—%)2+1=>h(—§)=-+1=>h(—§)=5
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4. Given that f(x) = ax + b +1, where a and b are constant numbers. If f/(3) = 8
and f(6) = 14, then find the values of a and b.
Solution

fx)=ax+b+1
FR)=aB)+b+1]| f6)=a(6)+b+1

8=3a+b+1 14 =6a+b+1
8—1=3a+b 14—1=6a+b
3a+b=7 ...... Gi)|6a+b=13 ...... (ii)
2(1) - (ii) (i) - (i)
6a+ 2b =14 6a+b=13
—6atb=-13 —3atb=-7
b=1 a=2

O\
/\
S. Given that g(x) = ax + b+ 5, where g and b %é%onstant numbers. If g(=1) =0
and g(2) = 10, find the values of @ and b..&»°

Solution /\‘\Q
g(x) =ax+b+5 .,\C}
g(-D=a(-D+b+5| g2)=a@y+b+5
0=-a+b+5 10=24;€|> +5
0—5=-a+b 10=5=2a+b
—a+b=-5 ...... (i) [2a%b=5 ... (i)
(i) - (i) 2(i) + (ii)
—a+b=-5 —2a+2b=-10
—2at+b=-5 2a+b=5
10 5
a—? b= —§
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6. Consider the function defined by f(x) = 5x + 2. If f(x) = 32, find the x value.

Solution
f(x) =5x+2

f(x) =32
S5x+2 =32
5x=32-2
X=—=6

7. Consider the function f(x) = cx? + d, where ¢ and d are constant numbers. If
f(1)=6and f(—2) = 10, then find the values of ¢ and d.

Solution "\\
f(x) =cx*+d &
D) =c)?+d |f(-2)=c(-22+d o2
c+d=6 ....i) [ 4c+d =10 ...GHD"
(i) - (ii) 4(i) - (ii):\\’\y
ct+td=6 4c + 4d=24
—4c+d=-10 —4c xd'= 10
‘::\:‘%
_ 4 N\ 14
C= § d= ?
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@ REVIEWEXERCISE 3 P

Four options are given against each statement. Encircle the correct option.
(1) The set builder form of the set {1,%,%,%,...} 1S:
(a) {x|x=l,ne W} %) {x|x= L ,ITEW}
n 2n+1
(c) {x|x=n_1|_1,n€ W} (d) {x|x=2n+1, ne W}
(i) IfA={},then P(4) is:
@1} () {1} \@{) {{ 3 (d ¢
(i) IfU={1,2,3,4,5},4={1,2,3} and B={3,4, 5}, then U~ (4 M B) is:
1,2,4,5 () {2,3) © (L3435 (@ {1,2,3)
(iv)  If A and B are overlapping sets, then n(4 :f?j\lg equal to
(a) n(A4) (b) n(B) (@Aﬂ B \éé) n(A) — n(ANB)
(v) IfACSBandB -4+ ¢, then n(B —4is"equal to
(@) 0 () n(B) . X“ (c) n(4) \éé) n(B) — n(4)
(vi)  Ifn(4 U B) =50, n(4) = 3Q énd n(B) = 35, then (A A B) =
(a) 23 W) 15\ (©) 9 (d) 40
(vi) If4=1{1,2,3,4} and;B' = {x, y, z}, then cartesian product of 4 and B
contains exactly B elements.
@ 13 W) 12 ©) 10 ) 6
(viii) If f(x)=x*— 3x + 2, then the value of f(a + 1) is equal to:
(@) a+1 (b) *+1 (©) a®+2a+1 (zﬁaz—a
(ix)  Given that f{x) = 3x+1, if f{x)=28, then the value of x is:
\lé) 9 (b) 27 (c) 3 (d) 18

(x) Letd={1, 2,3} and B ={a, b} two non-empty sets and f/: A — Bbea
a function defined as /= {(1, a), (2, b), (3, b)}, then which of the following
statement is true?

(a) f1is injective M fis surjective (c) fis bijective  (d) fis into only
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2. Write each of the following sets in tabular forms:
(1) {x|x =2n,ne N} (i) {x|x=2m+1, me N}
(i)  A{x|x=1ln,ne WAn<l11l} (iv) {x|xe End<x<6}
v)  {x|]xe OA5<x<T7} (vi)  {x|xe OAx’ =2}
(vii)  {x|xe QA x=—x} (viii) {x|x€ RAx¢ O’}
Solution

(i) 2,4,6,8,10, ...} (i) {3,5,7,9,11, ...}
(iii) {0, 11, 22, 33, 44, 55, 66, 77, 88, 99, 110}

)¢ &) ¢ (v)o
(vi1) {0} (viii) QO
3. LetU=1{1,2,3,4,5,6,7,8,9, 10}, A—{2m<4’\,\g, 8,10}, B={1,2,3,4,5)

and C={1,3,5,7,9} ﬁ}‘
List the members of each of the followt@g sets:

(1) A (i) B ,\"‘fm) AUB (ivy A-B
v) AnC vi) Adu Q (vi) AvoC  (vin) U
Solution A

iLA=U—-A= {1234567& YO} {2,4,6,8,10} = {1,3,5,7,9}
i.B'=U-— B—{123456,3{,°8910} {1,2,3,4,5} = {6,7,8,9,10}
iii.L AUB —{246810}U{‘12345} {1,2,3,4,5,6,7,8,9,10}
iv.A—B =1{2,4,6,8,10} - {1,2,3,4,5} = {6,8,10}
V.ANnC=1{24,6,810}n{1,3,579} = ¢

vi.A’uC’ ={1,3,579} U {2,4,6,8,10} = {1,2,3,4,5,6,7,8,9,10}

vii. A’u C ={1,3,5,7,9} u {1,3,5,7,9} = {1,3,5,7,9}

viii. U’ =U-U = {1,2,3,4,5,6,7,8,9,10} — {1,2,3,4,5,6,7,8,9,10} = ¢
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4, Using the Venn diagrams, if necessary, find the single sets equal to the
following:
(i) A i) AnU (i) AuU
(iv) Aud¢ V) ¢n¢

Solution

A =U-A (iANU=A

Mene=9 QY
It has no VVenn diagram. R\
5. Use Venn diagrams to verify the following:
(1) A-B=40DB (i1) (A-B) "B=B
Solution

()A—-B=AUB’

u U .
3D

{A-B) and T AuB’

Where we use
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(i)(A—B) NB =B

A-B

Then(A—B)'NB=RBis

(A -B)B

U

)

.’\
A
P~
7\
\J
K%
¢
{\M
p $
A
'O
O
2\

Visit us @ YouTube “Learning with Usman Hamid”



50

6. Verify the properties for the sets 4, B and C given below:
(1) Associativity of Union (i)  Associativity of intersection.
(i11)  Distributivity of Union over intersection.
(iv)  Distributivity of intersection over union.
(a) A=1{1,2,3,4}, B={3,4,5,6,7,8}, C=1{5,6,7,9,10}
by A=¢, B={0}, C=1{0,1,2}
(0 A=NB=ZC=0

Solution
(@) A ={1,2,3,4};B = {3,4,5,6,7,8}; C = {5,6,7,9,10}
i. Associativity of Union: AUu(BUC)=(AuB)uUC

LHS=AuBuUC) ={1,23,4}U[{3,4,5,6,7,8} U {5,6,7,9,10}]
AuBuc(C) ={1,234}u{3,45,6,78910} = {1,2,3,4,5,6,7,8,9,10}
RHS=(AUB)UC= [{1234}U{345678}]U{567910}
(AuB)ucC=1{1,23,4,5,6,78}U{56,7,910} = {1@345678910}
Hence AU(BUC)=(AUB)UC &
Ii. Associativity of Intersection: AN (&G’C) =(ANnB)NnC
LHS=ANn(BNC) —{1234}n[{345,*6,78}(1{567910}]

An(BNC) = {1,234} N {567} = {\Q

RHS=AnNB)NC=] {1234},{%’345678}]n{567910}
(AnB)nC—{34}n{567910 ={ }

Hence AN (BN C) = (AnB)hC

iii. Distributivity of Union over Intersection: AU(BNC)=(AUB)N(AUC)
LHS=AuBnC) ={1,234}u[{3,45,6,7,8} N {5,6,7,9,10}]
Au(BnC)=1{1,234}u{56,7} ={1,2,3,4,5,6,7}

RHS=(AuB)n(AuC) =[{1,2,3,4} U {3,4,5,6,7,8}] n [{1,2,3,4} U {5,6,7,9,10}]
(AuB)n(AuC) ={1,2,3,45,6,78}n{1,2,3,4,5,6,7,9,10} = {1,2,3,4,5,6,7}
Hence AU(BNC)=(AUB)N(AUC(C)

iv. Distributivity of Intersection over Union: AnN(BUC)=(AnB)U(ANnC)
LHS=AnBuclC) ={1,234}n[{3,45,6,7,8} U {5,6,7,9,10}]

An(BuC) ={1,23,4}n{3,45,6,7,89,10} = {3,4}

RHS=(AnNnB)U(AnC) =[{1,2,3,4}n{3,4,5,6,7,8}] U [{1,2,3,4} n {5,6,7,9,10}]
(ANB)U(ANC) ={3,4tu{ }={3,4}

Hence AN (BUC)=(ANnB)U(ANC)
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(b)A=¢;B={0};C=1{0,1,2}

i. Associativity of Union: AUu(BUC)=(AuB)UC
LHS=AUBUC) =¢ U[{0}u{0,1,2}] = ¢ U{0,1,2} ={0,1,2}
RHS=(AuB)uC=[p u{0}]u{0,1,2} ={0}u{0,1,2} = {0,1,2}

Hence AU(BUC)=(AUB)UC

Ii. Associativity of Intersection: AnNn(BNnC)=(AnB)NnC
LHS=AnNnBNC =en[{0}n{0,1,2}] = n{0}=¢
RHS=ANB)NC=[en{0}]n{0,1,2} = n{0,12} =@

Hence AN (BNC)=(AnB)NnC

iii. Distributivity of Union over Intersection: AU(BNC)=(AUB)N(AUC)
LHS=AUuBNC)=¢U[{0}n{0,1,2}] =@ U {0} ={0}
RHS=AUB)N(AUC) =[puU{0}]n[eu{0,1,2}] ={0}n{0,1,2} = {0}
Hence AU(BNC)=(AUB)N(AUC(C)

iv. Distributivity of Intersection over Union: AN @B\J O=AnNB)UANC)
LHS=ANnBUC =¢n[{0}u{0,1,2}] = cgrq{ou}_
RHS=(ANB)URNC) =[en{0}]u \03012} —pUp=¢

Hence AN (BUC)=(AnB)U(ANnC(C) ,\,

(©)A=N={1,23,..};B=7Z= {0,+\1)~+2+3 };C=Q;N<Z<Q

i. Associativity of Union: Ay (SB UC)=(AUB)UC
LHS—AU(BUC)—NUZL)Q NuQ=Q
RHS—(AuB)uc—NuZ]‘uQ ZuQ=Q

Hence AU(BUC) = (AUB)UC

Ii. Associativity of Intersection: AnNn(BNnC)=(AnB)NnC
LHS=ANnBNC)=NN[ZNQ]=NNZ=N
RHS=ANB)NC=[NNZ]NnQ=NNQ=N

Hence AN(BNC)=(AnB)NnC

iii. Distributivity of Union over Intersection: AU(BNC)=(AUB)N(AUC)
LHS=AUBNC)=NU[ZNQ]=NUZ=7Z
RHS=(AUB)N(AUC)=[NUZ]N[NUQ]=ZNnQ =2

Hence AU(BNC)=(AUB)N(AUC)

iv. Distributivity of Intersection over Union: AnN(BUC)=(AnB)U(ANnC)
LHS=ANBUC =NN[ZUQ]=NNnQ=N

RHS=ANB)UMANC =[NNZ]JU[NNQ]=NUN=N

Hence AN(BUC)=(ANnB)U(ANC)
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7. Verify De Morgan's Laws for the following sets:
U=1{1,2,3,....,20}, 4=1{2,4,6, ....,20}and B={1,3,5,....,19}.

Solution
(AUB) =A'nB’ (ANB) =A'UB'
U={123, .., 20} U={123, .., 20}
A={2, 4,6, .. 20} A={2 4,6, .., 20}
B={1,3,5,.., 19} B={1,3,5,..,19}
A'=U-A A'=U-A
={1,2,3, .., 20} - {2, 4, 6, ..., 20} ={1,2,3, .., 20} - {2, 4, 6, ..., 20}
={1,3,5, .., 19} ={1,3,5, .., 19}
B'=U-B B'=U-B
={1,2,3,..,20}-{1, 3,5, ..., 19} ={1,2,3,..,20}-{1, 3,5, ..., 19}
= {2, 4,6, ..., 20} ={2, 4,6, ..., 20}
AUB={1,23,..,20} ANB={}
(AUB)=U-(AUB) (AN B)=U-(ANB)
={1,2,3,..,20}- {1, 2, 3, ..., 20} ={1,2,3,..,20}-{}
={} ={1,2,3,.., 20}
A NB'={1,35 ..,19} N {2 4,6, .., 20} A'UB'= {135, .., 19} U{2,4,6, ..., 20}
={} = {1, 2, 3¢ 20}
Hence (AUB)' = A'n B’ Hencg (ANB)Y =A"UB’
e
8. Consider the set P ={x| x = 5m, m ENAE%d O={x|x=2m,meN}. Find Pn Q
Solution 2O
N/
P={x|x=5m, me N}={5, 10, 1;33(\2?0, 25, ..}
A Y
V.

Q={x|x=2m meN}={2 4%,8,10,12, .}
PN Q={5 10, 15, 20, 25,-3} N {2, 4, 6, 8, 10, 12, ...}
PN Q= {10, 20,30, 40,50, .} = {x | x = 10m, m € N}

9. From suitable properties of union and intersection, deduce the following results:
(» ANn(AuB)=4u(4dn B) (i) AuvuAnB)=An(4UB)
Solution

()LHS.=AN(AUB)=(ANA)UANB)=AU(ANB)=RH.S.

()LHS.=AUANB)=(AUA)N(AUB)=AN(AUB)=R.H.S.

Visit us @ YouTube “Learning with Usman Hamid”




53

10. If g(x) = 7x — 2 and s(x) = 8x* — 3 find:
(i) g0) (@)g=1) (i) g(—g] iv) s(I) (V) sE9) (vi) S(%]

Solution
Lgx)=7x—2=g(0)=7(0)—-2=g(0) =-2
Lgx)=7x—-2=g(-1)=7(-1)-2=g(-1)=-7—-2=¢g(-1)=-9
5 5 5 35 5 41
il g0 =7x-2=g(-3)=7(-3)-2=8(-3)=-F-2=8(-3)=-F
iv.s(x) =8x?-3=s5(1)=8(1)>-3=>s(1)=8-3=>s(1)=5
V.s(x) =8x2 —3=5(—9) =8(—9)? —3 > s(—9) = 648 — 3 = s(—9) = 645

. 0w N o7\ 7\ 7\ _
vi. s(x) = 8x —3=>s(5) —8(5) —3=>s(5) —98—3=S(E)—95

1. Given that f(x) = ax + b, where a and b are constant numbers. If f(—2) =3 and

f(4) =10, then find the values of a and b.

O\
Solution m\f\\
f(x)=ax+b c,;‘\)
f(=2) =a(=2)+b f(4) = a(4) + b
—2a+b=3 ...()|4a+b=10 (i)
O
(i) - (il 2(7) + ()
—2a+b=3 —4a +\ZJ§"= 6
—4a+b=-10 4a +b'= 10
L7 S _16
G -3

12.  Consider the function defined by k(x) = 7x — 5. If k() = 100, find the value of x.

Solution

k(x) =7x—-5
Using k(x) = 100
7x—5 =100

7x =100+ 5
_ 105
7
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13. Consider the function g(x) = mx*+n, where m and » are constant numbers. If

2(4) =20 and g(0) = 5, find the values of m and ».

Solution
g(x) = mx? +n
g(0) = m(0)2+n

n=>5

Now g(4) = m(4)? + n

16m+ n = 20

Usingn =5

16m+ 5 = 20 \'\
_15 \3“
" 16 “3

Q &/
14. A shopping mall has 100 products ; frém various categories labeled 1 to 100,

representing the universal set U ’ﬁfe products are categorized as follows:

» Set A: Electronics, conmstﬁig of 30 products labeled from 1 to 30.

» Set B: Clothing comp.msé’s 25 products labeled from 31 to 55.

» Set C: Beauty Prodﬁets comprising 25 products labeled from 76 to 100.

Write each set in tabu1ar form, and find the union of all three sets.
Solution

U={1,23, .., 100}

A={1,23,..,30}

B ={31,32 33, ..,55}

C ={76,77,78, ..., 100}

AUBUC={1,23,..30}U {31, 32, ..., 55} U {76, 77, ..., 100}
AUBUC={1,23,.. 30,3132, .., 55 76,77, .., 100}
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15. Out of the 180 students who appeared in the annual examination, 120 passed
the math test, 90 passed the science test, and 60 passed both the math and
science tests.

(a) How many passed either the math or science test?
(b) How many did not pass either of the two tests?
() How many passed the science test but not the math test?
(d) How many failed the science test?
Solution
Total students = 180

Passed Math = 120, Passed Science = 90, Passed both Math and Science = 60
1. How many passed either the Math or Science test?

Passed either Math or Science = Passed Math + Passed. \Science - Passed both

oS
=120 +90 - 60 = 150 '
2. How many did not pass either of the twp‘\tﬁég:t}s‘?
Failed both Math and Science = Total sgu@e?ts - Passed either Math or Science
=180-150 =230 :\\\

%
3. How many passed the SueﬂEe ‘test but not the Math test?
Passed Science but not Mat‘ﬁz'&: Passed Science - Passed both
=90-60=30

4. How many failed the Science test?

Failed Science = Total students - Passed Science

=180-90=90
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16.  Ina software house of a city with 300 software developers, a survey was
conducted to determine which programming languages are liked more. The
survey revealed the following statistics:

» 150 developers like Python.

130 developers like Java.

» 120 developers like PHP.

» 70 developers like both Python and Java.

» 60 developers like both Python and PHP.

» 50 developers like both Java and PHP.

» 40 developers like all three languages: Python, Java and PHP.

(a) How many developers use at leasE g\ne of these languages?

(b) How many developers use only(ife of these languages?

(¥

(c) How many developers d({ ‘%é’t}ilse any of these languages?
(d) How many developegﬁs\e' only PHP?

Solution A
Total developers = 300 A

n(P) = 150, n(J) = 130, n(H‘)y;\;?{’[::é‘E), n(P N J) = 70, n(P N H) = 60, n(J N H) = 50
n(P NJ N H) =40 Q

1. How many developers use at least one of these languages?
NPUJUH)=nP)+n@)+nH) -nPNJ)-nPNH)-nl@NH)+nPNJINH)
=150 + 130 + 120 - 70 - 60 - 50 + 40 = 260

2. How many developers use only one of these languages?

Developers who use only P =n(P) —n(P N J) —n(P N H) + n(P N J N H)
=150-70-60 +40 =60
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Developers who use only J=n(J) —n(P N J)—n(J N H) + n(P N J N H)
=130-70-50+40=50

Developers who use only H=n(H) —n(P " H)—n(J N H) +n(P N J N H)
=120-60-50+40=50

Total developers who use only one language = 60 + 50 + 50 = 160

3. How many developers do not use any of these languages?

Developers who do not use any language = Total developers - Developers who use
at least one language

=300 - 260 =40
4. How many developers use only PHP? :..:\'\
{:)\v/
Developers who use only PHP =n(H) =50 _&-
A
m{o\\.}
O

&
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Factorization and
Algebraic Manipulation

{( EXERCISE4.1 )

1. Factorize by identifying common factors.
(1) 6x + 12 (ii) 15y% + 20y (i) —12x*—3x
(iv)  4a*b + 8ab? v) xy —3x% + 2x (vi) 3a*b—9ab*+ 15ab

Solution:

i) 6(x+2) (i) 5y3y + 4) (i) = 3x(dx + 1)
(iv) 4ab(a + 2b) (\é}&(y 3x +2)
(vi) 3ab(a — 3b + S)\\«

2. Factorize and represqg;t iﬁlctorlally
(1) 5x + 15 “‘«“ (i) x*+4x+3 (i) x*+6x+8
(iv) x*+4x+4
Solution
(1) S(x+3)

(ii)x>+4x+3=x>+3x+x+3=x(x+3)+1(x+3)=(x+1(x+3)
(iii)x?+6x+8=x2+4x+2x+8=x(x+4)+2(x+4)=(x+2)(x +4)
(iV)x?+4x+4=x>+2x+2x+4=x(x+2)+2(x+2)=(x+2)(x+2) = (x + 2)?
x+4 x+2 !

-l
- +
}g:

5
x + 1
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3. Factorize:
(1) x> +x—12 (i) x*+7x+10 (iii) x*—6x+8
(iv) x*-x-56 (v) x? —10x — 24 (vi) Y +4y-12
(vii) Y?+13y+36  (viii)) x*—x—2

Solution
x?+x—12=x?+4x—-3x—12=x(x+4)—3(x+4) =(x+4)(x—3)
(ii)x>+7x+10=x?>+5x+2x+10=x(x+5)+2(x +5) = (x + 5)(x + 2)
(iii)x2—6x+8=x2—4x—2x+8=x(x—4)—2(x—4)=(x—4)(x—2)
(iV)x2—x—56=x2—-8x+7x—-56=x(x—8)+7(x—8)=(x—8)(x +7)
(V)x2—10x —24=x>—-12x+2x—24=x(x—12)+ 2(x —12) = (x = 12)(x + 2)
(vi)y2+4y—12—y2+6y 2y—12=y(y+6)-2(y+6)=(+6)(y—2)
(vii)y? + 13y +36 =y2+9y + 4y + 36 = y(y+&}+4(y+9)—(y+9)(y+4)
(viii) x?2 —x — 2 = x? —2x+x—2-x(x—2):j;—;~f(x—2)—(x—Z)(x+1)
fs&.;}

O

() 22+Tx+3 (). \~2x 1l +15 (i) 42+ 13x+3

(iv) 3x*+5x+2 QVX\ 3y? - 11y+6 (vi) 2% -5y+2
(vii) 4z2-11z+ 6.8 (V111) 6 + 7x — 3x?

“«

Solution N
D)2x2+7x+3=2x>+6x+x+3=2x(x+3)+1(x+3)=2x+ 1(x+3)
(i) 2x2 +11x+ 15 =2x2+6x + 5x + 15 = 2x(x + 3) + 5(x + 3) = (2x + 5)(x + 3)
(iii)4x%> +13x+3 =4x?+12x+x+3 =4x(x+3)+ 1(x + 3) = (4x + 1)(x + 3)
(iV)3x2+5x+2=3x>+3x+2x+2=3x(x+1)+2(x+1)=GBx+2)(x + 1)
(V)3y* =11y +6=3y* -9y -2y +6=3y(y—3) - 2(y —3) =By - 2)(y - 3)
(Vi)2y? =5y +2=2y* -4y —y+2=2y(y-2)-1(y-2)=Q2y-D - 2)
(Vi) 4z2 =112+ 6 =422 —-82z—-3z2+6=4z(z-2)—-3(z—-2) = (4z—-3)(z-2)
(viii)6 + 7x —3x2 = -3x*+7x +6 = —3x*+9x — 2x + 6
=3x(—x+3)+2(—x+3)=CBx+2)(3—x)

4, Factorize:
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{( EXERCISE 42 )

1. Factorize each of the following expressions:
i 4+ 8t (i)  a*+64b* (i) x*+4x*+16
(iv) x*—142+1 @ -3+ 90 vi) xP— TxhA oyt

Solution
1.(i) 4x* + 81y*

= (2x%)% + (9y*)? = (2x*)* + (9y*)? + 2(2x*)(9y?) — 2(2x*)(9y?)
= (2x% + 9y?)? — 36x%y%? = (2x%2 + 9y?)? — (6xy)?
= (2x% + 9y? — 6xy)(2x? + 9y? + 6xy)
1.(i)) a* + 64b* '
oD’

= (a®)? + (8b?)% = (a®)? + (8b*)?% + ;&2)(8b2) — 2(a®)(8b?%)

{\\s./
= (a® + 8b*)? —16a’h* = (a* +8b°)* — (4ab)?

"
= (a? + 8b% + 4ab)(a® + Bb%;'}— 4ab)
N
1.(ifi) x* + 4x2 + 16 Q»“

=x*+8x%— 4x? + 16 = x* +8x% + 16 — 4x?
= (x%2 4+ 4)? — (2x)?

=(x?+4-2x)(x?+4+ 2x)

1.3v) x* —14x% + 1

=x*—16x%+2x* + 1=x*+2x? + 1 —16x?
= (x?+1)? — (4x)?

=(x?+1—-4x)(x*+1+4x)
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1.(v) x* — 30x2y% + 9yt

= x* —36x%y? + 6x%y? + 9y* = x* + 6x2%y% + 9y* — 36x2y?
= (x* +3y%)? — (6xy)*

= (x% — 6xy + 3y?)(x? + 6xy + 3y?)

1.(vi) x* — 7x2y? + y*

= x* — 9x?%y? + 2x%y? + y* = x* + 2x%y? + y* — 9x?y?

= (x* +y?)? — (3xy)?

= (x% = 3xy + y?)(x% + 3xy + y?)

2. Factorize each of the following expressions: .

(1) +Dx+2)x+3)x+4)+1 (i) Q@Q DNx-7Nx-Hx-1)+17
(il)) @ +7x+3) 2 +Tx+5)+1 @9 (3x + 5x+3)(3x* + 5x +5) -3
) x+DEx+2Dx+3)x+6)— 3,262‘\,\8\;1) (x + D(x — D(x + 2)(x — 2) —16x2
Solution \\Q
2.0 (x+1DH)(x+2)(x+3)(x + 4),}3’—\1
A Y
=(x+1Dx+4)(x+2)(x 4:3?}—%—/1
= (x2 +5x + 4)(x? + 5x ‘-13\}63 +1
=y+4)(y+6)+1=y>+10y+24+1=y>+10y + 25
= (y+5)% = (x? + 5x + 5)?
2.IN(x+2)x—7DNx—-4)(x—1) +17
=x+2))x—-7)x—-4)(x—-1)+ 17
= (x?—-5x—14)(x> —5x+4) + 17
=(y—-14)(y+4)+17=y>—-10y — 56+ 17 = y* — 10y — 39
=y2—-13y+3y—39 =y(y —13) + 3(y — 13)

=(y—-13)(y+3)=(x? —5x —13)(x?> — 5x + 3)

Visit us @ YouTube “Learning with Usman Hamid”



62

2.(i) 2x* +7x +3)2x* + 7x+5) + 1
=2x2+7x+3)(2x*+7x+5)+1
=(+3)(y+5+1=9y2+8y+15+1=y?+8y+16
=(y+4)? = (2x%+ 7x + 4)?

2.(iv) Bx* +5x+3)(3x* +5x+5)—3

= (3x2+5x+3)(3x>+5x+5)—3

=(+3)(y+5 —-3=y2+8y+15-3=y%2+8y+12
=y2+6y+2y+12=y(y+6)+2(y+6)

=(+6)(y+2)=(03x%>+5x+6)(3x%+5x+ 2)/<\
2.(v) (x+ D(x+2)(x +3)(x + 6) — 3x? . ‘C)’S\
= (x+ 1)(x+6)(x + 2)(x + 3) — 3x? /\l\‘}
=(x*+7x+6)(x*+5x+6)— 3x2\\\\0
=(x?+6+7x)(x*+6+ 5x)“§<’$9§

=(y+ 7x)(y + 5x) — 3x2%;§‘~:{_‘)\;2 + 12xy + 35x2 — 3x?

= y? + 12xy + 32x? = y? :I— 8xy + 4xy + 32x% = y(y + 8x) + 4x(y + 8x)
=(y+8x)(y+4x) = (x> +8x+6)(x®> +4x + 6)

2.(vi) (x + 1) (x — 1) (x + 2)(x — 2) — 16x>
=(x+1DxE+2)(x—-1)(x—-2)—16x?

= (x?+3x+2)(x* —3x +2) — 16x?

= (x*+2+3x)(x*+ 2 —3x) — 16x?

= (y + 3x)(y —3x) — 16x? = y? — 9x% — 16x? = y? — 25x?

=(y—5x)(y+5x) = (x2 = 5x + 2)(x%? + 5x + 2)
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3. Factorize:
i) 8&P+12x*+6x+1 (i) 27a +108a%b + 144ab® + 645
@) x*+ 18x% + 108x)% + 216)° (iv) 8x* —125)° + 150x1% — 60x%y
Solution
3.(i) 8x3 +12x2+6x+1 Remember!

(a+b) =d +3d°b + 3ab” + b’
(a—by =a -3a’b+3ab* - b

= (2x)3 + 3(2x)%(1) + 3(2x)(1)%? + (1)3

=(2x+1)3
3.(ii) 27a3 + 108a%b + 144ab? + 64b3

= (3a)® + 3(3a)?(4b) + 3(3a)(4b)? + (4b)3

= (3a + 4b)3
’,\<\
3.(iii) x3 + 18x%y + 108xy? + 216y3 '
“f}
= (x)* + 3(0)2(6y) + 3(x)(6y)* + (6y)® 2
{\
= (x + 6y)3 \V

O

3.(iv) 8x3 — 125y3 + 150xy? —é&x y
= (2x)3 4 (=5y)3 + 3(2x)(ae~‘5“y)2 + 3(2x)%(=5y)

= (2x — 5y)3
4. Factorize:
(i) 125a4° - 1 (i)  64x° + 125 (iii)) x%-27
(iv) 10004 + 1 (v) 343x° + 216 (vi) 27 — 512y3
Solution
) 3
4.(I) 125a 1 a3 + b3 — (Q’ + b)(a2 _ ab + 52)
= (50)* = (1)?

N ) a —b>=(a—-b)da*+ab+ b
= (5a - D[(5a)* + (5a)(1) + (1)]

= (5a —1)(25a* + 5a + 1)
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4.(ii) 64x3 + 125

= (42)* + (5)°

= (4x + 5)[(4x)* — (4x)(5) + (5)?]
= (4x + 5)(16x% — 20x + 25)
4.(iii) x° — 27

= () - 3

= (x? = 3)[(x*)?* + (x>)(3) + 3)?]
= (x?-3)(x*+3x2+9)

4.(iv) 1000a3 + 1

= (100)° + (1)? &
= (10a+ D[100)* - (10D + (D] &
= (10a + 1)(100a2 — 10a + 1) {\‘\\
4.(v) 343x3 + 216 O
S

= (7x)% + (6)° 4P
= (7x + 6)[(7)* — (7x) (6) (6)*]
= (7x + 6)(49x2 — 42x + 36)

4.(vi) 27 — 512y3

= (3)° — (8y)°

= (3 -8y)[(3)* + (3)(8y) + (8y)?]
= (3—-8y)(9 + 24y + 64y?)
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{(_ EXERCISE 4.3 )

1. Find HCF by factorization method.

()  21x%, 35%7 (i) 4x*—9? 2x* —3xy

(i) ¥-1,x2+x+1 (iv) & +2a°-3a,2a°+54%-3a

(v) P£P=3t—-4,P+5t+4,£ -1 (vi) x¥*+15x+56,x*+5x—24,x* + 8
Solution
1.(i) 21x%y, 35xy?

21Xy =3 X 7T XX XXXy

35xy2 =5 X7 XXXyXy

HCF =7 Xx Xy =7xy f\i\
{:)\./’
1.(ii) 4x% — 9y%,2x? — 3xy S0°
<9
O
4x% — 9y? = (2x)? — (By)? = (2x — 3y2§2§2’+ 3y)
O\
2 _ _ AN\
2x“ — 3xy = x(2x — 3y) x;\\\
19
HCF = 2x — 3y R\

\
N
N

LGy — 1,22 +x+1
x3-1=x-1Dx*+x+1)

x2+x+1=x*+x+1

HCF =x* +x+1

1.(iv) a® + 2a? — 3a,2a3 + 5a* — 3a

a3 +2a?2—-3a=a(@’*+2a—-3)=a(@’?+3a—a—-3)=a(@+3)@-1

2a3 +5a? —3a=a(2a?+5a—3)=a(Ra’?+6a—a—3)=a(a+3)2a—-1)

HCF = a(a + 3)

Visit us @ YouTube “Learning with Usman Hamid”



66

1(vV)t? —3t—4,t> +5t+4,t>* -1
t?—3t—4=t*—4t+t—4=t(t—4)+1(t—4) = (t—4(t+ 1)

t? +5t+4=t2+4t+t+4=t(t+4)+1(t+4)=(Ct+4)(t+1)

t? —1=(t—1)(t+ 1)

HCF=t+1

1.(vi) x2 + 15x + 56,x% + 5x — 24, x% + 8x

X2+ 15x+56 =x2+8x+7x+56 =x(x+8)+7(x+8) = (x+8)(x+ 7)
x2+5x—24=x>+8x—3x—24=x(x+8)—3(x+8)=(x+8)(x—-23)
x% +8x =x(x+ 8)
HCF=x+8 Q“

Q5
2. Find HCF of the following expressim{giﬁy using division method:
(1) 27x% + 9x? — 3x -10, 3x -, QQii) -0 +23x—15, x> —4x+3

(i) 27+ 22+ 20+ 2, 663427 + 6x + 12
(iv) 2% —4x? +16x,%° —,1"/,5:} 3x2 + 6
W\

Solution &

*”_

2.(1) 2723 + 9x2 — 3x — 16)3x — 2

9x? +9x +5
3x-2) 27x% +9x2 -3x-10
+27x? F18x2
27x?-3x-10
+27x2 F18x

15x-10
+15xF10

0

HCF = 3x— 2
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2.(i)x% —9x% + 23x —15,x> —4x + 3
. X-=5

x? -4x+3) x3-9x? +23x-15
+x3 F4x? + 3x

-5x2? +20x-15

F5x% +20xF15
0.

HCF =x% —4x+3
2.(ii1) 2x3 + 2x% + 2x + 2,6x3 + 12x% + 6x + 12
3 &
3 2 3 \".;O
2x° +2x +2x+2) 6x° +12x2 4 6x +12
X
iexai%ZQGx:ta
% ¢ 2

Q;‘;"\ +6
{\33‘
X &
= :
6x2+6) 253 +2x2 + 2% + 2x2+2) 6x% +6
£2x°  +2x +6x° +6
.- +2 0

- and
HCF =2x%2 42 =2(x%+1)
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2.(iv) 2x3 — 4x? — 16x,x3 — 4x,3x* + 6x
Let 3x2 + 6x = 3(x? + 2x)

3 is not common in both given polynomials, so ignoring it, we consider only
2
x°+ 2x

| X—2
% 2xy x> — 4x
+x° +2x2 -
—2x% - 4x
F2x2 F 4x
0. <&

Now,
2x-8 \{\\\\}
x2 +2x) 2x° -4x2-1ga=
£2x3 £ 4x3Y
_8x2-16X
F8x2 F16x
0

HCF = x? + 2x = x(x + 2)
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3. Find LCM of the following expressions by using prime factorization method.
(i)  2a*b, 4ab*, 6ab (i) x*+x, ¥ +x°
(i) a*—4da+4,a*—2a (iv) x*-16, x> —4x
(v) 16—4x, X*+x—-6, 4—x

Solution

3.(i) 2a®b, 4ab?,6ab
2a°b=2x%Xaxaxb
4ab? =2x2XaxXbxb
6ab=2Xx3XxXaXb

Common Factors =2 X a X b = 2ab

non — Common Factors =2 X 3 X aXb = 6ab {{\
LCM = CF x NCF = 2ab x 6ab = 12a?b> ™
3.(ii) 2% + x, x3 + x? ,\\\\

&0

x2+x=x(x+1) ,\\\
x3+x%2=x%(x+1) =X XXX (Xi;F'l)
Common Factors = x(x + l‘i

non — Common Factors = x

LCM =CFXNCF=x(x+1)xx=x%(x+1)
3.(iii) a® — 4a + 4,a* — 2a
a?—4a+4=0@—-2)2=@—-2)@-2)
a’?—2a=a(a—2)

Common Factors = (a — 2)

non — Common Factors = a(a — 2)

LCM = CF X NCF = (a—2) xa(a—2) = a(a—2)?
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3.(iv) x* — 16,x3 — 4x
x*—16=(x*-4)(x*>+4)=x—-2)E+2)(x*+4)
x3—4x=x(x*-4) =x(x—2)(x+2)

Common Factors = (x — 2)(x + 2)

non — Common Factors = x(x? + 4)

LCM = CF X NCF = (x — 2)(x + 2) x x(x? + 4) = x(x* — 16)
3.(v) 16 — 4x%,x* + x — 6,4 — x*

16 —4x2 =4(4—-x*) =412 -x)(2 +x)

X2+x—6=x*+3x—-2x—6=(x+3)x—2) =/<\(X+3)(2—X)
&
4—-x2=2-x)(2+x) e
el
Common Factors = (2 —x)(2 + x) N
{\\m/

non — Common Factors = —4(x + 3%\{;x
LCM = CF x NCF = (2 —x)(2 +z§}'\x —4(x+3) = 4(x2 — 4)(x + 3)

4, The HCF of two polyq@inlals is y — 7 and their LCM is y* — 10y* + 11y + 70. If
one of the polynomlaTs is y* — 5y — 14, find the other.

Solution

HCF =y -7

LCM =y3 — 10y? + 11y + 70

p(y) =y* — 5y — 14

q(y) =?

Using formula:  p(y) X q(y) = HCF x LCM

(y>? =5y —14)xq(y) = (y = 7) x (y> — 10y* + 11y + 70)
(y-7)x(y3-10y2+11y+70)

ay) = (y?-5y-14)

_ (-7)x(y*-10y*+11y+70)
aWy) = -1 +2)

_ y3-10y%+11y+70
q(y) = e
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y3 —10y? + 11y + 70

y+2 +y? + 2y? y? =12y + 35

—12y% + 11y + 70

F12y2 F 24y
35y +70
+35y + 70
0
_ Yy -10y*+11y+70 _ 5 )
q(y) = ez =y~ —12y +35 S

5. The LCM and HCF of two polynomial p(x)“atia”é](x) are 36x°(x + a)(x* — a*) and
x*(x — a) respectively. If p(x) = 4x2(x? —\%Zj,yﬁnd g(x).
X

Solution O
HCF = x%(x — a) 2O
LCM = 36x3(x + a)(x3 — a3) ’\<\\\"
p(x) = 4x%(x%? —a?) /i}'

qx) =? R\ ¥

Using formula:  p(x) x q(&)'= HCF x LCM

4x%(x% — a%) x q(x) = x2(X — a) X 36x3(x + a)(x3 — a3)
x?(x—a)x36x3(x+a)(x3—al

q() = X )4X2(X2(_az ))( )

q(x) = 9x°(x° — a°)

6. The HCF and LCM of two polynomials is (x + @) and 12x*(x + a)(x* — a°)
respectively. Find the product of the two polynomials.

Solution

HCF = (x + a)

LCM = 12x2%(x + a)(x? — a?)

p(x) X q(x) =7

Using formula:  p(x) X q(x) = HCF x LCM

p(x) X q(x) = (x + a) x 12x?(x + a)(x? — a?)

p(x) X q(x) = 12x%(x + a)?(x? — a?) = 12x*(x + a)3(x — a)
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{( EXERCISE 4.4 )

1. Find the square root of the following polynomials by factorization method:
(i) x*-8x+16 (i) 9x*+12x+4
(iii) 364 + 84a+49 (iv) 64> —32y+4
v) 2007 — 1207+ 18 (vi) 40x?+ 120x + 90
Solution

1.() Va2 — 8x + 16 =277

x2—8x+16=(x)?-2x)4) + (4)? = (x — 4)?

VX2 —8x + 16 = /(x — 4)2

VXZ—8x+ 16 = +(x — 4) &

1.3i)) VOxZ + 12x + 4 =277 &
,\,
9x2 + 12x+ 4 = (3x)2 + 2(3x)(2) + ,@? = (3x + 2)?
R\
N\
VOx2 + 12x + 4 = /(3x + 2)2 ,i/:\
o ¢

VOXZ + 12X + 4 = +(3x + 2)

1.(iii) V36a? + 84a + 49 =???

36a% + 84a + 49 = (6a)? + 2(6a)(7) + (7)? = (6a + 7)?

V36a? + 84a + 49 = /(6a + 7)2

V36a2 + 84a + 49 = +(6a+ 7)

1.(iv) /64y% — 32y + 4 =727

64y* — 32y + 4 = (8y)* — 2(8y)(2) + (2)* = (8y — 2)?

J64y% — 32y + 4 = ,/(8y — 2)?

\64y% — 32y + 4 = +(8y — 2)
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1.(v) V200t2 — 120t + 18 =277
200t? — 120t + 18 = 2[100t? — 60t + 9]

200t2 — 120t + 18 = 2[(106)2 — 2(10t)(3) + (3)?] = 2(10t — 3)2

J64y? — 32y + 18 = ,/2(10t — 3)2

J64y% — 32y + 18 = +v/2(10t — 3)

1.(vi) V40x2 + 120x + 90 =277
40x? + 120x + 90 = 10(4x? + 12x + 9) = 10[(2x)? + 2(2x)(3) + (3)?]

40x2 + 120x 4+ 90 = 10(2x + 3)2

A
V40x2 + 120x + 90 = ,/10(2x + 3)2 N
&P
VA0xZ +120x +90 = +VI0(2x +3) &7
A
2. Find the square root of the fo lo{x}mg polynomials by division method:

(1) 4x* —28x% + 37x2 4\43x +9
(i1) 121x — 198 —'H,S%x +216x + 144
(111) —10x%y + gj —10x)° +y*
@1v) 4 12x3‘~+ 37x 42x +49
Solution
1.() V4x* — 28x3 + 37x2 + 42x + 9 =227

2x%> —7x—3
4x* — 28x3 +37x%> +42x+9
2x? +4x*
—28x3 + 37x?
4x% — 7x F28x3 + 49x?
—12x%2 +42x+9
4x% —14x -3 F12x*>+42x+9
0

Vax4t —28x3 +37x2 + 42x + 9 = +(2x% — 7x — 3)
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1.(if) V121x* — 198x3 — 18322 + 216x + 144 =777

11x% — 9x — 12
121x* — 198x3 — 183x2 + 216x + 144
11x? +121x*
—198x3 — 183x2
22x% — 9x F198x3 + 81x2

22x% —18x — 12

—264x% + 216x + 144
F264x% + 216x + 144

0

V121x* —198x3 — 183x2 + 216x + 144 = +(11x? — 9x — 12)

1.(iii) \/x* — 1023y + 27x2y2

XZ

—10xy3 + y* =777

x? —5xy +y2 O

x* —10x3y + 2”75;3'3';2 — 10xy3 + y*
+x*4 X:A}’O

2x% — 5xy

—10x3y+ 27x2y?
T10%%y + 25x°y”?

2x% — 10xy + y?

t':g\\\' 2x%y? — 10xy3 + y*

Y

N
\ ~

R

A 3

A

N
™S

4 +2x%y? ¥ 10xy3 + y*
’ 0

\

Jx* —10x3y + 27x2y2% — 10xy3 + y* = +(x? — 5xy + y?2)

1.(iv) V4x* — 12x3 + 37x2 —

2x%

42x +49 =777

2x% —3x 47
4x* —12x3 4+ 37x% — 42x + 49
+4x*

4x% — 3x

—12x3 + 37x2
F12x3 + 9x?

4x% — 6X+ 7

28x% — 42x + 49
+28x?% F 42x + 49

0

Vax* — 12x3 + 37x2 — 42x +

49 = +(2x2 — 3x+ 7)
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3. An investor’s return R(x) in rupees after investing x thousand rupees is given
by quadratic expression:
Rx)=-x*+6x-38
Factorize the expression and find the investment levels that result in zero return.
Solution
R(x) = —x?+6x—8=—-x*+4x+2x—8=—x(x—4)+2(x—4)

Rx)=(—=x+2)x—4)

For zero return R(x) = Owe have (—x+ 2)(x—4) =0

—-x+2=0 or x—4=0

Xx=2 or Xx=4

Investment levels that result in zero return will be x —,\ 2andx = 4

4. A company’s profit P(x) in rupees from sellmg% units of a product 1s modeled
©

by the cubic expression: &
P(x) = x> — 15x* +5¢5 x—
Find the break-even point(s), Whe{ﬁhe proﬁt 1S Zero.

Solution \\\\'
P(x) = x3 — 15x% + 75x — 125 D

P(x) = x)° = 3(x)*(5) + 3(X1(5)2 - (5)° = (x—-5)°
Since profit is zero, using P(X) =0wehave (x—5)3=0

After taking cube root on both sides we have x = 5
5. The potential energy F(x) in an electric field varies as a cubic function of

distance x, given by:
V(x) = 2x> — 6x% + 4x
Determine where the potential energy is zero.

Solution
V(x) = 2x3 — 6x% + 4x

V(x) = 2x(x?* —3x+2) =2x(x—2)(x— 1)
For zero potential energy, using V(x) = 0 we have 2x(x—1)(x—2) =0

Then x = 0,x = 1,x = 2
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6. In structural engineering, the deflection ¥(x) of a beam is given by:
Y(x)=2x*-8x+6
This equation gives the vertical deflection at any point x along the beam. Find
the points of zero deflection.
Solution

Y(x) =2x*>—8x*+6

Y(x) = 2(x* —4x + 3)

Y(x) = 2(x* —3x—x+ 3) :’\i\
{:)\»/
0’

Y(x) =2(x—1)(x—3) R

O

AN

t';\\\
Ay
For zero potential deflection, u@ﬁg Y(x) =0wehave 2(x—1)(x—3)=0
N

2#0 thenx—1=0o0orx—3=0

Then x

1,x = 3
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@(REVIEW EXERCISE 4)p

1. Four options are given against each statement. Encircle the correct option.
1.  The factorization of 12x + 36 is:

@V 12c+3) () 123x) () 12Bx+1) (d)  x(12+36x)
ii. The factors of 4x* — 12y + 9 are:

@) (2x+3)? & (2x-37
© (@x=3)2x+3) d) (2+3x)(2 = 3x)?
iii. The HCF of &’b® and ab’ is:
@ b )V ap? © a'b° )
iv. The LCM of 16x?, 4x and 30xy is:
(a) 480x%y (b) 240xy (c)\/ \240)5 Y (d) 120x*

v. Product of LCM and HCF = % ofj two polynomials.

(@) sum (b) d1fferen\ie, 8 (c)\/ product (d)  quotient
vi. The square root of x> — 6x + 9 l,g\

@V -3 () +(§c+ 3) (o) x-3 (d x+3
vii. The LCM of (a — b)* and (a b)* is:

@ (a=by (b)) (a-b) @V @-b' @ (a-b)

viii. Factorization of x> + 3x% + 3x + 1 is:

@V + 1) b -1
() (x+DE*+x+1) d -DE*-x+1)
ix. Cubic polynomial has degree:
@ 1 ® 2 oV 3 d 4
x. One of the factors of x> — 27 is:
@/ x-3 (b) x+3 () x*-3x+9 (d) Bothaandc
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2. Factorize the following expressions:
(1) 4x* +18x* — 12x (i) X +64)°
(i) x* -8 (iv) —x*-23x-60
V) 2x2+ Tx + 3 (vi) x*+64
(vi)) x*+2%*+9 (viii)  (x+ 3)(x + 4)(x + 5)(x + 6) — 360
(ix) (P+6x+3)x*+6x-9)+36
Solution

2.(1) 4x3 +18x% — 12x
= 2x(2x%? +9x—6)

2.(ii) x° + 64y3

= (%)% + (4y)° &
= (x + 4y)[(0? — () (4y) + (4y)?] PRy
= (x + 4y)(x? — 4xy + 16y?) ,\\‘\,\V
2.(iii) x3y% — 8 Kok
"
= (xy)® = (2)° Vv

Y
= (xy = 2)[(9)? + ) () (2)?]

= (xy — 2)(x%y?% + 2xy + 43

2.(iv) —x? —23x - 60

= —(x? 4+ 23x+ 60) = —[x%? + 20x+ 3x+ 60] = —[x(x + 20) + 3(x + 20)]
=—(x +3)(x +20)

2.(V)2x%> +7x+3

=2x? +6x+x+3=2x(x +3)+1(x +3)

=02x +1)(x +3)
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2.(vi) x* + 64
= (x2)2 + (8)2 + 2(x*)(8) — 2(x%)(8) = (x*> + 8)? — 16x2
= (x*+8)?—(4x)? = (x* +8 — 4x)(x%? + 8 + 4x)
= (x?—4x+8)(x* + 4x + 8)

2.(vii) x* + 2x2 + 9

= (x*)? +2x* 4+ (3)?

= (x*)* +2(x*3) + (3)* + 2x* — 2(x*)(3)

= (x* +3)% — 4x?

=x*+3)* - (2x)%* = x*+3-2x0)(x*+3+2x%)
= (x?—-2x+3)x*+2x+3) QO

2.(viii) (x + 3)(x + 4)(x + 5)(x + 6) — 360 ¢,

= 3+ D+ O+ D +5) —360 O

= (x® + 9x + 18)(x? + 9x + 20) —%@B\V

= (y + 18)(y + 20) — 360 = y§§$§8y +360 — 360 = y? + 38y
=vy(y +38) = (x> + 9x)(>g%;“3: 9% + 38)

=x(x+ 9)(x? + 9x + 38)

2.(ix) (x* + 6x + 3)(x* + 6x — 9) + 36
=(x?+6x+3)x*+6x—9)+36
=(y+3)(y—9)+36=y>—6y—27+36=y>—6y+9
=@ -20nB)+B)?=(F-3)

= (x? + 6x — 3)?
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3. Find LCM and HCF by prime factorization method:
(i) 4+ 12x% 8x*+ l6x (i) X +3x*—4x, x*-x-6
(i) x*+8x+16,x*—16 (iv) -9, x*—4x+3
Solution

3.(i) 4x3 + 12x2,8x% + 16x

4x3 +12x% = 4x?(x+3) =4 xx X x X (x + 3)
8x2+16x=8x(x+2)=2X4xxX(x+2)

Common Factors = 4x

Un — Common Factors =x X (x+3) X2 X (x+2) =2x(x+ 3)(x+ 2)
HCF = 4x

LCM = CF x UCF = 4x x 2x(x + 3)(x + 2) = 8x2(F 2)(x + 3)

3.3ii) x3 +3x* —4x, x> —x—6 \Q;\.)

x3+3x%? —4x=x(x*+3x—4) = x(xzjﬁi";}%\(v— x—4)=x(x— 1+ 4)
X2 —X—6=x*>—-3x+2x—6= (Xl—\\t\}&)j(x+2)

Common Factors = 1 “\in}'

Un — Common Factors =x{§*; Dx+4)E—-3)x+2)

HCF =1 )
LCM=CFXUCF=x(x—1)x+2)x—3)(x+4) wrong answer in book
3.(iii)) x* + 8x + 16,x* — 16

X2+ 8x+16 = (x)?+2x)4)+ (@) =x+4)?*=x+4)(x+4)
x2—-16=(x)?-(4)>?>=x—-4)(x+4)

Common Factors = (x + 4)

Un — Common Factors = (x —4)(x + 4)

HCF = (x + 4)

LCM = CF X UCF = (x + 4) X (x — 4)(x + 4) = (x — 4)(x + 4)?
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3.(iv) x3 —9x,x* —4x + 3
x3—9x=x(x*-9)=x(x—3)(x+3)
x2—4x+3=x*-3x—-x+3=x-3)(x—-1)
Common Factors = (x — 3)

Un — Common Factors = x(x+ 3)(x — 1)

HCF = (x — 3)

LCM = CF X UCF = (x — 3) x x(x + 3)(x — 1)

LCM = x(x — 1)(x*> — 9) wrong answer in book

4. Find square root by factorization and division method of the expression

16x* + 8x2 + 1. o
Solution Ke)
Factorization: o’
16x* +8x% + 1 = (4x2)? + 2(4x®) (1) + (&7
16x* + 8x2 + 1 = (4x2 + 1)2 ~O
Viext+8x2+1=/(4x+1? . &
Viex* +8x2+1=+(4x2+1) &
Division Method: N
OV 4x* 41
\) 16x* 4+ 8x% + 1

4x%> | 16x*
8x% + 1
8x?+1 +8x% +1
0

V16x* +8x2 +1 = +(4x*> + 1)
5. Huria is analyzing the total cost of her loan, modeled by the expression
C(x) = x* — 8x + 15, where x represents the number of years. What is the

optimal repayment period for Huria's loan?
Solution
Cx)=x*—8x+15=x*—-5x—3x+15=(x—-5)(x—-23)

For optimal repayment, using C(x) = 0 we have (x —5)(x—3) =0
We have x = 3,x = 5. Thatis 3 years or 5 years.
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Linear Equations
and Inequalities

{(EXERCISE 5.1))

1. Solve and represent the solution on a real line.
. .. 3x 1
1 12x+30=-6 11 Xr6=-12 iy X_2X_ 1
0) (i1) 3 (iii) VR
) 2x—-1 3 x 5 o X 10
v 2=7T 2x+4)+ 12x \% — == vi) -~ —9_—~
) @D ) 3 (.?4\'\ s o 57
Solution O~
(i) 12x + 30 = —6 (ii) 5 6= —12
12x = —6— 30 33(3@12_6
12x = —36 é{j)
36 NS=—18
K= _3 19 x=-18x3=x =54
P | S
K\
(iis-2=21 ) (iv) 2 =7(2x + 4) + 12x
2 4 12

12x(2) - 12x(2) = 12 (3
6x—9x=1=-3x=1
1

2=14x+ 28+ 12x
2—28=14x+12x

4(2x—1)—9x =10
8x—4-9x=10
8x—9x=104+4>x=-14

- A X N N —
220 -15 -0 -5 0 5 0"

26
—26 =26x=>X=——
26
x=-1
-1

8 —6-4-2 0 2 4 6 8

5x 10
(Vi) ——=9——x

10 5

10 X (—f—’;) =10 x (9) — 10 X (1—50x)
—5x =90 — 20x

—5x+4+20x =90 = 15x =90

X=06

s
<

ke aleal

v

O
L4
Lt
<=
b
.
00 —4=

L
L}
-8 —
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2. Solve each inequality and represent the solution on a real line.
(1) x—6<-2 (i1) —-9>-16+x @)  3+2x 23
) 5 3 -1 . 1 1 1
v 6(x+10) <0 \ —X—— <— V1 —x——=<-1+—x
(iv)  6(x+10) M Jx-7 <y V) Jx- 2 :
Solution
Hx—6< -2 (i) =9 >—-16+x
X< —-2+6 —-9+16>x
x< 4 7>x0r x<7
S S
864 -2 0 2 4 6 & 8642 0 2 4 6 8
(i) 3+ 2x >3 (iv) 6(x+10) <0
2x>3—-3 6x+60<0
2x =0 6x < —60 ,\{\
> 6 .0
x=20 . 5 XS_?“ z}‘)
, _ x < =197
8642 0 2 4 6 8 — X
‘-120}-;:%-10-5 ol 510 15
5 3 1 TONY 1 1 1
(v)§x5—2<—a3 1 t’\<@|)zic—5s—11+5x 1
12><(§x)—12><(z)<12x(—§2§f“ 4><(Zx)—4><(5)s4><(—1)+4><(5x)
4(5x) -9 < -1 Xx—2< —4+2x
20x<—-1+9 ) 24 4<2x—X
20x < 8 ZSX
x<% X=2
2 ol 1 1 1 L 1 L [ [
X< - <1 T T 1 T T T 17
R o 8642 0 2 4 6 8
At
4 3-=2-1 051 2 3 4
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3. Shade the solution region for the following linear inequalities in xy-plane:
3x—-2y26
3y—4<0

)] 2x+ <6 (11) 3x+7y=21

(iv) 5x—4y=<20 (v) 2x+120
Solution

3()2x+y<6

(iii)
(vi)

{
Y

(0

Associated equations: 2x+y =6

To find Points:

Putx = 0,y = 6 then pointis (0,6) X'

_(3

Puty = 0,x = 3 then pointis (3,0)

To check Region put (0,0) in given eq.

0 < 6 true, graph towards the origin

N\

RS

3(i)3x+7y =21 O
AD

O

o
J

Associated equations:  3x + Zgﬁﬁ 21
Q

To find Points \‘S\;“

Putx = 0,y = 3 then pointis (0,3)

=

3)

Puty = 0,x = 7 then pointis (7,0) *1

To check Region put (0,0) in given eq.

0 > 21 false, graph away from origin
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3(i)3x—2y=>6 Pe
Associated equations: 3x —2y =6 7
o A
To find Points: /;
Putx = 0,y = —3 then pointis (0,—3) v BE (9/
Puty = 0,x = 2 then pointis (2,0) (5 f
To check Region put (0, 0) in given eq. /
¥

0 > 6 false, graph away from origin Ly

Y
3 (iv) 5x — 4y < 20 A

| | RS
Associated equations: 5x — 4y = 20 &
To find Points <§<~ yalll
N 4
Putx = 0,y = —5 then pointis (0, 5Q§:’ x4 5 R
e
Puty = 0,x = 4 then point is (4%/1’) Al
To check Region put (0,0) miéwen eg. +
‘\«

0 < 20 true, graph towards the origin ;
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3(V2x+1=>0

Associated equations: 2x+1=0

Point: X = 1L
2

Region: 1 > 0 true, graph towards the origin

i
A
x ; = »
P
{{\
00
Y '
v N
3(vi)3y—4<0 ’Q}Q‘;
N
Associated equations: 3y — 4 —;@
_ _ 4 R ’
Point: y=3 \‘3\:&

Region: 0 < 4 true, graph towards the origin

¥
A

< -
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4. Indicate the solution region of the following linear inequalities by shading:
(1) 2x—-3y <6 (i1) x+y=5 (1i1) 3x+7y=21
2x+3y=<12 —-y+ x=<1 x— y=£2
(iv) 4x-3y<12 (v) 3x+7y=21 (vi) Sx+7y<35
3 y=4 x—2y<2
xXZ——
2
Solution
4 (i)
2x—3y <6 ........ (i)
2x+3y<12 ......... (ii)

Associated equations

2Xx—3y=6 ......... (iii) QA }
y ({\\ A
2x+3y=12 ......... (iv) o~
. . o *
To find Points {3\\‘*’ AN[TE
- ) w/ l
(iii) = Putx = 0,y = —2 then point isx{0, ~2) ™ 7
\ Vﬁ’\'-/ il
— — (6] 0
(iii) > Puty = 0,x = 3 then pom);@ (3 0) o < A NG > x
(iv) > Putx=0,y=4 therl\p%t is (0,4) Aol A7
. -
(iv) > Puty=0,x=6 then pointis (6,0) A&
To check Region put (0,0) in (i) and (ii)
(i) = 0 < 6 true, graph towards the origin Y

(ii) = 0 < 12 true, graph towards the origin
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x—y=1 ........ (iv)

To find Points

(iii) = Putx = 0,y = 5 then point is (0,5)

(iii) = Puty = 0,x = 5 then point is (5,0)

(iv) > Putx = 0,y = —1 then pointis (0,—1) <«’§\\
(iv) = Puty = 0,x = 1 then pointis (1,0) %9“
To check Region put (0, 0) in (i) and (ii) (:1\0
(i) = 0> 5 false, graph away from or@;’h(\

(ii)) > 0 <1 true, graph towards,&/ﬁb origin

y Q
A .
\E
3T
-:“*'( /,,p\'
A
’ (5{0)
X - 0L71010) »x
(0] -1
A
}?
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4 (iii)

3x+7y =21 ......... (i)
X—yY<2 .nen. (ii)
Associated equations
3x+7y =21 ......... (iii)
X—yV=2 ... (iv)

To find Points
(iii) = Putx = 0,y = 3 then point is (0,3)
(iii) = Puty = 0,x = 7 then point is (7,0)

(iv) > Putx = 0,y = —2 then pointis (0,—2)

(iv) > Puty = 0,x = 2 then point is (2,0)

To check Region put (0,0) in (i) and (ii%g’x\(:}

(i) = 0 > 21 false, graph away from Q\j@ln
(ii)) > 0 < 2 true, graph towards,&/ﬁb origin
\ ¢

y N
A \\s
x‘&
/|
‘- 1
T3 SuNZ
P
! ~17[0)
0 210 Iy
(210) H ‘:..%r
(0{-2)
Y

89
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To find Points
(iii) > Putx = 0,y = —4 then pointis (0, —4)

(iii) > Puty = 0,x = 3 then point is (3,0)
3 3 ’/\f\\
(iv) >wehavey =0,x = =3 then point is (— EQ@
69‘
To check Region put (0,0) in (i) and (ii) (IB\Q}

(i) = 0 < 12 true, graph towards the origin
N

() =>0>-2 t ht e origi

ii > true, grap owardéfhe origin

A 0L
0 ol
/{
" A2
| J,':,'!"
.|| L
4 0 /‘é 0 >
jf
J/
to—4
5
¥
"
y
J,‘
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4(v)

3x+7y=>12 ......... (i)
y<4 ......... (ii)
Associated equations
3x+7y =12 ......... (iii)
y=4 ... (iv)

To find Points
(iii) = Putx = 0,y = 3 then point is (0,3)
(iii) = Puty = 0,x = 7 then point is (7,0)

(iv) = we havex = 0,y = 4 then pointis (0,4) &
00
&

(i) = 0 > 12 false, graph away from origin(f}\

To check Region put (0,0) in (i) and (ii)

(ii) = 0 < 4 true, graph towards the.@ﬁin
O\
F .}j /‘i:(;}\

A

o

-« \ »
0,13)

*
5 P g
/

i
i
~f
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4 (vi)

5+ 7y < 35 ......... (i)
X—2y<2 ........ (ii)
Associated equations
5+ 7y =35 ......... (iii)
X—2y =2 ......... (iv)

To find Points
(iii) = Putx = 0,y = 5 then point is (0,5)
(iii) = Puty = 0,x = 7 then point is (7,0)

(iv) = Putx = 0,y = —1 then pointis (0,-1) &

00
&
To check Region put (0,0) in (i) and (ii) (f}\'

(iv) > Puty = 0,x = 2 then point is (2,0)

(i) = 0 < 35 true, graph towards the.o@ﬁin

X
(ii)) > 0 < 2 true, graph towards,&/ﬁé origin

Q

V o
Q
A
(0L 5
Ty
}‘:};ﬁ.‘-
1\\“\\}‘
X' \\\ >
0 (2,[0] [(7}0 -
/ [(0]-1
L.
I’\L.ﬁ‘
T
Y
y
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{(_ EXERCISES5.2 )

1. Maximize f(x, y) = 2x + 5y; subject to the constraints
2y —x <8 ; x—y<4 ; x=0; y=20
Solution
—X+2y<8 ......... (i)
X—y<4 ... (ii)
Associated equations
—X+2y=8 ........ (iii)
X—y=4 ... (iv)

To find Points
(iii) > Putx = 0,y = 4 then point is (0,4) )
(iii) = Puty = 0,x = —8 then point is (—8,0) ,.:\\
(iv) = Putx = 0,y = —4 then pointis (0,—4) ¢~
(iv) = Puty = 0,x = 4 then pointis (4,0) o2
To check Region put (0,0) in (i) and (11)\‘\\
(i) = 0 < 8 true, graph towards the origin
(ii) = 0 < 4 true, graph towards th@\@f in

¥ 70

(043

(-50)
£ (D,D};/(4,n) *

/ (0,-4)

Solve (iii) + (iv)

(—x+2y)+(x—y)=8+4wehavey =12

Puty = 12 in (iii) we have x = 16 and D(16,12)

Corner Points of Feasible Region: A(0,0),B(4,0),€(0,4),D(16,12)
AtA: z=f(0,0) =2(0)+5(0)=0

AtB: z=f(4,0) =2(4)+5(0) =8

At C: z = £(0,4) = 2(0) + 5(4) = 20

AtD: z = f(16,12) = 2(16) + 5(12) = 92

S0z = 2x + 5y is maximum at (16,12)
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2. Maximize f (x, y) = x + 3y; subject to the constraints
2x+5y<30 ; 5x +4y <20 xz0;y=0

Solution

2x+ 5y <30 ......... (i)

5x+4y <20 ......... (ii)

Associated equations

2x+5y=30 ......... (iii)

5x+4y =20 ......... (iv)

To find Points

(iii) > Putx = 0,y = 6 then point is (0,6)

(iii) > Puty = 0,x = 15 then point is (15,0)

(iv) > Putx = 0,y = 5 then point is (0,5)

(iv) > Puty = 0,x = 4 then point is (4,0)

To check Region put (0,0) in (i) and (ii) )
(i) = 0 < 30 true, graph towards the origin :..:’\\\

e N4

(ii) > 0 < 20 true, graph towards the origin
oo N
! L

(0.2)

ﬁd,ﬂ)i ' 0~y

.
Corner Points of Feasible Region: A(0,0),B(4,0),€(0,5)
AtA: z = £(0,0) = (0) +3(0) =0

AtB: z=f(4,0) = (4) +3(0) =4

AtC: z=f(0,5) = (0)+3(5) =15

S0 z = x + 3y is maximum at (0,5)
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3. Maximize z = 2x + 3y; subject to the constraints:
2x+y<4 ; 4x—y<2 ; x=>0: y=0

Solution

2x+y<4 ... (i)

4x—y<2 ... (ii)

Associated equations

2x+y=4 ......... (iii)

4X —y=2 ... (iv)

To find Points

(iii) > Putx = 0,y = 4 then point is (0,4)
(iii) > Puty = 0,x = 2 then point is (2,0)
(iv) > Putx = 0,y = —2 then pointis (0,—2)

. 1 . . 1
(iv) > Puty =0,x = Ethen point is (5,0)

To check Region put (0,0) in (i) and (ii) QO
(i) = 0 < 4 true, graph towards the origin (:}(*j\

(ii) = 0 < 4 true, graph towards the origin ¢y
/~)

Solve (iii) + (iv)
2x+y)+(4x—y)=4+2 wehavex =1
Putx = 1 in (iii) we have y = 2 and (1,2)
Corner Points: (0,0), G 0) ,(0,4),(1,2)
AtA: z=f(0,0)=2(0)+3(0)=0

1

At B: z=f(5,0) - 2(§)+3(0) =1
AtC: z = £(0,4) = 2(0) + 3(4) = 12
AtP: z=f(12)=2(1)+32) =7
S0 z = 2x + 3y is maximum at (0,4)
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4. Minimize z = 2x + y; subject to the constraints:
x+y=>3 ; Tx+5y<35 ;
Solution
X+y=3 ......... (i)
7x+5y <35 ......... (ii)
Associated equations
X+y=3 ......... (iii)
7x+5y=35 ......... (iv)

To find Points

(iii) > Putx = 0,y = 3 then point is (0,3)
(iii) > Puty = 0,x = 3 then point is (3,0)
(iv) > Putx = 0,y = 7 then point is (0,7)
(iv) > Puty = 0,x = 5 then point is (5,0)
To check Region put (0,0) in (i) and (ii)

(i) > 0>3 false, graph away from the origin :'\i\

(ii) = 0 < 35 true, graph towards the origin 'l
R

Corner Points: A(3,0), B(0,3), C(5,0), P(0,7)
AtA: z=f(30)=23)+(0)=6

AtB: z=£(0,3)=2(0)+ () =3

AtC: z = f(5,0) = 2(5) + (0) = 10

AtP: z=f(0,7)=2(0)+(7) =7

So z = 2x + y is minimum at (0,3)

96
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5. Maximize the function defined as; f (x, ) = 2x + 3y subject to the constraints:
2x+y<10 ; x+2y<14 ¥ x=20; y=0
Solution
2x+y <10 ......... (i)
x+2y<14 ......... (ii)
Associated equations
2x+y =10 ......... (iii)
X+2y=14 ......... (iv)

To find Points

(iii) > Putx = 0,y = 10 then point is (0,10)

(iii) > Puty = 0,x = 5 then point is (5,0)

(iv) > Putx = 0,y = 7 then point is (0,7)

(iv) = Puty = 0,x = 14 then point is (14,0)

To check Region put (0,0) in (i) and (ii)

(i) = 0 < 10 true, graph towards the origin g\"\\
(ii) = 0 < 14 true, graph towards the origin (“§~"

I

Solve 2(iii) — (iv
(4x+2y) — (x+2y) =20—14 wehavex =2
Putx = 2 in (iii) we have y = 6 and C(2,6)
Corner Points: A(0,0),B(5,0),€(2,6),D(0,7)
AtA: z=f(0,0)=2(0)+3(0)=0

AtB: z = f(5,0) =2(5)+3(0) =10

AtC: z = f(2,6) = 2(2) +3(6) = 22

AtD: z=f(0,7) =2(0) +3(7) =21

S0 z = 2x + 3y is maximum at (2,6)
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6. Find minimum and maximum values of z = 3x + y; subject to the constraints:
3x+5y=215 ; x+3<9 ; x20; y=20
Solution
3x+5y>15 ......... (i)
Xx+3y<9 ... (ii)
Associated equations
3x+5y=15 ......... (iii)
Xx+3y=9 ... (iv)

To find Points
(iii) > Putx = 0,y = 3 then point is (0,3)
(iii) > Puty = 0,x = 5 then point is (5,0)
(iv) = Putx = 0,y = 2 then point is (0,2)
(iv) > Puty = 0,x = 9 then point is (9,0)
To check Region put (0,0) in (i) and (ii)
(i) = 0 > 15 false, graph away from the origin QO
(ii) = 0 < 9 true, graph towards the origin (‘§5\
)
| ] ]

3x+15y=15

- . . JF ‘;‘

Y’ e S S S N

Corner Points: (0,3), (5,0),(9,0)

AtA: z=f(0,3)=3(0)+3=3

AtB: z=f(50)=3(5)+0=15

AtC: z=f(9,0) =3(9)+0=27

S0 z = 3x + y is minimum at (0,3) and maximum at (9,0)
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@ REVIEW EXERCISE 5 )P

1. Four options are given against each statement. Encircle the correct one.

1. In the following, linear equation 1s:
(@) 5x>7 (b) 4xr—2<1
W) 2x+1=1 (d) 4=1+3
ii. Solution of 5x — 10 =10 1s:
@ 0 (b) 50
w6 4 (@) -4
i, If7x +4 <6x+ 6, then x belongs to the interval
(@) @) O 1) 2
W (=2) & () (=0,2]
iv. A vertical line divides the pla&)e\%to
(a) left half plane {2;(\\/ (b) right half plane
(c) full plane \3{;’ \éﬂ) two half planes
v.  The linear equatiggﬁonned out of the linear inequality 1s called
(a) “cubic equation ub) associated equation
(c) quadratic equal (d) feasible region
vii  3x+4<0is:
(a) equation L(B) equality
(c) not inequality (d) 1identity
vil.  Corner point is also called:
(a) code \(6) vertex
(c) curve (d) region
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(0,0) 1s solution of inequality:
(a) 4x+35y>8
W) —2x+3y<0

Viil.

100

(b) 3x+y>6
(d xt+ty=>4

1X. The solution region restricted to the first quadrant is called:
(a) objective region \/(b) feasible region
(c) solution region (d) constraints region
X. A function that is to be maximized or minimized is called:
(a) solution function \»(f)) objective function
(c) feasible function (d) none of these
2. Solve and represent their solutions on real line.
) x+5=1_j~C (ii) 2x+1+l:1_ x—1
3 Q 2 3
(i) 3x+7<16 (iva}(fs\ 5(x—=3)>26x—(10x +4)
Solution e
X —

()5 =1-x IR+ =1 -5
x+5=3-3x ’GQ) 6)((&)_{.6)((1):6)((1)_6)((3(__1)
3x=3-5 N \ = ’

X+ X 22x+1)+3=6-2(x—1)
=2 Vv 4X+2+3=6—2x+2
X=-z \3@ 4x+2x=6+2—-2-3
x=_1 N\ 6x = 3
=— )
Gy —_— X=3
—5- —5 —_; —[_i fl] 1 2 i ;l 2 L . "
: ‘-i-i-z-:}liz_-,&}
(i) 3x+7<16 (iv) 5(x —3) = 26x — (10x + 4)
3x<16 -7 5x—15>26x—10x — 4
3x <9 5 —15>=16x—4
x<§ 5x —16x > —4 + 15
x <3 —11x 121 11
L L L i i i i Il i i - o H
D e B s L PP
i i 1 i !‘ Il Il i L i
> Qe S S o i S S S
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3. Find the solution region of the following linear equalities:

(1) 3x—-4y<12 ; 3x+2y=>3
(1) 2x+y<4 ; x+2y<6

Solution

3 (i)

3x—4y <12 ... )

3x+2y=>3 ......... (ii)

Associated equations

3x—4y =12 ......... (iii)

3x+2y=3 ......... (iv)

To find Points
(iii) = Putx = 0,y = —3 then pointis (0,—3)
(iii) = Puty = 0,x = 4 then point is (4,0)

. 3 . . 3
(iv) > Putx=0,y = 5 then point is (0, 5) <'\\
(iv) = Puty = 0,x = 1 then point is (1,0) (_)C‘
To check Region put (0,0) in (i) and (ii) %"
(i) = 0 < 12 true, graph towards the origir(f}\}
(i) = 0 > 3 false, graph away from tréegé?igin

N

: N

et

4

L

N

101
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3 (i)

2x+y<4 ... (i)
X+2y<6 ... (ii)
Associated equations
2x+y=4 ......... (iii)
X+2y=6 ......... (iv)

To find Points

(iii) > Putx = 0,y = 4 then point is (0,4)
(iii) > Puty = 0,x = 2 then point is (2,0)
(iv) = Putx = 0,y = 3 then pointis (0,3)
(iv) > Puty = 0,x = 6 then pointis (6,0)
To check Region put (0,0) in (i) and (ii)
(i) = 0 < 4 true, graph towards the origin
(ii) = 0 < 6 true, graph towards the origin

v

A . A
A D N
(\/
\ Q(:)‘
(0.4 >
-~
Jod
i XD
N\ | N
, Vv
© € 0 2 (6,11 £
\ﬁ,
A\
¥’
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4. Find the maximum value of g (x,y) = x + 4y subject to constraints
x+y<4,x>0andy>0.

Solution

x+y<4

Associated equations

x+y=4

To find Points

= Putx = 0,y = 4 then pointis (0,4)

= Puty = 0,x = 4 then point is (4,0)

To check Region put (0,0) in (i) and (ii)

0 < 4 true, graph towards the origin

= ” S

Corner Points: A(0,0),B(0,4), C(4,0)
AtA: z=g(0,0)=(0)+4(0)=0
AtB: z=g(04) = (0) +4(4) =16
AtC: z=g(4,0)=(4)+0(0) =4
S0 z = x + 4y is maximum at (0,4)
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5. Find the minimum value of /' (x,y) = 3x + 5y subject to constraints
x+3y =3, x+y=2, x>0, y=0.

Solution

Xx+3y=>3 ......... ()

X+y=2 ... (ii)

Associated equations

Xx+3y=3 ......... (iii)

X+y=2 ......... (iv)

To find Points

(iii) > Putx = 0,y = 1 then point is (0,1)

(iii) > Puty = 0,x = 3 then point is (3,0)

(iv) > Putx = 0,y = 2 then pointis (0,2)

(iv) > Puty = 0,x = 2 then point is (2,0)

To check Region put (0,0) in (i) and (ii)

(i) = 0 > 3 false, graph away from the origin QD
(ii) = 0 > 2 false, graph away from the origin O
T i T 5

" T \‘\'}‘

/\/

o, ) N
NN AT S

' .
: 1 -

L2

y 4
¥,

Solve (iii) — (iv)

(x+3y)—(x+y) =3-2 Wehavey—%
Puty = |n (iii) we have x = = and p (— —)
Corner Pomts. A(2,0), B(3,0), P (E'E)

AtA: z = f(2,0) =3(2) +5(0) =6
AtB: z=f(3,0)=3(3) +5(0) =9

AtP: z=f(3,2)=3(3)+5(5) =8

S0 z = 3x + 5y is minimum at (2,0) and maximum at (3,0)
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Trigonometry

{(_ EXERCISE 6.1 )

1. Find in which quadrant the following angles lie. Write a co-terminal angle for
each:
(1) 65° (i) 135° (iii) —40° (@v) 210° (v)  —150°
Solution

(i) I (i) 2" (iii) 4" (iv) 3 (v) 3@

o
2. Convert the following into degrees, mi@é‘;, and seconds:
(1) 123.456° (ii) 5%.?:891" (i)  90.5678°
Solution éf\\
2(i): 123.456° R
123 \(\\
0.456 x 60 = 27.36 10
0.36 x 60 = 21.6 RN

123.456° ~ 123°27' 22" &%
2(ii): 58.7891°

58

0.7891 x 60 = 47.346
0.346 x 60 = 20.76
58.7891° ~ 58°47' 21"
2(iii): 90.5678°

90

0.5678 x 60 = 34.068
0.068 x 60 = 4.08
90.5678° ~ 90° 34'4"
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3. Convert the following into decimal degrees:

(1) 65°32'15" (i)  42°18'45" (i)  78°45'36"
Solution
3(i): 65°32'15"”
65°32'15" = 65 + + “oxe0 = = 65+ 0.5333 + 0.0042 = 65.5375°
3(ii): 42°18'45"
42°18'45" = 42 + + “oxes = =42+ 0.3+ 0.0125 =42.3125°
3(iii): 78°45'36"
78°45'36" =78 + + “oxes = =78+ 0.75+ 0.01 = 78.76°
4. Convert the followmg into radians:

i)  36° (i) 22.5° (i)  67.5°
Solution

i) 36° = T _r
4(i): 36° = 36 X ™ —ﬂs ra(1iT :\{\
4(ii):22.5° = 22.5 X —— = _rad O
180 3T[ i ‘y
4(iii):67.5° = 67.5 X — = ~ rad o2
180 X

5. Convert the followmg into degrees»g %

: T < 7

1 —rad 1 \\' 111 —rad

@) v {Q () - —
Solution
5(i): —rad =— >< ﬂ = 1]i2«5"

.. 111'[ 11n 180° ) o
5(i): — d—— - =396
5(iii): —rad = 8% =~ 2100
6. Find the arc length and area of a sector if:
1) ¥ = 6 cm and central angle 0 = %radians.

(i1) = 4.3 cm and central angle 0 = % radians.
T

Solution

6(i): 1 =10 =6X g = 6.28cm

A=-120=2x(6)? X = = 18.84cm?

6(ii): l—re—ﬂxs—“—élcm

2
A=1r e:lx(ﬁ) % 2T = 3.06cm?
2 2 6

T

Visit us @ YouTube “Learning with Usman Hamid”



107

7. If the central angle of a sector 1s 60° and the radius of the circle is 12 cm, find
the area of the sector and the percentage of the total area of the circle it
represents.

Solution

0 =60° =60 X — = ~rad
180 3 . ;
Area of the sector = Erze =-X (12)? x 3= 75.4cm?
Total area of the circle = mr? = 3.14159 X (12)? = 452.389cm?

Area of the sector

— 0
Percentage " Total area of the circle x100%
Percentage = ——™_ » 100% = 16.67%
ercentage = ———— 0 =16.67%
: : T :
8. Find the percentage of the area of sector subtending an angle 3 radians.
Solution

Area of the sector A\
Percentage = X 1009 QY
g Total area of the c1rc1e /o NN

"‘\»/

Percentage = —— X 100% = —h —x100% = —6\x;100% = 6.25%

9. A 01rcu1ar sector of rachus r=12cm 1(&@ an angle of 150°. This sector is cut out

and then bent to form a cone. Wha@s the slant height and the radius of the base

\ V4
of this cone? \\\
Hint: Arc length of sector”*@mrcumference of cone.
:\. ( jec m
N “
N O 12cm
Solution )

Radius of the sector =r = 12cm
Angle of the sector = 8 = 150° = 150 X 1% = 5—nrad

Arc Length =1 =0 = 12 x == = 10mem

Now
Circumference of base of the cone = 21tr’
101t = 2mr’

radius of base = r’ = 5cm
slant height = =r = 12cm
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{( EXERCISE 6.2 )

1. For each of the following right-angled triangles, find the trigonometric ratios:
(1) sin® (i) cos® (i) tan® (iv) sec 6 (v) cosec 0
(vi) cot¢ (vi)) tan¢ (viil)) cosecd (ix)secd (x)cosd
C C
(a) (b) © £
° $
13
4 5 5
[ ] 0 [ ] 6
B 3 A B 12 A
Solution Q
4 3 4 5 s 4 O% s o5 4
(@ @ — @@ — (@) - @) = (v) = (v1) - 6"11)— (vi) —  (x) — (x) —
5 5 3 3 4 4 3 4 5
8 15 8 17 1? ~ 17 17 8
(b) () — (i) — (i) — (iv) Q‘fx‘)’— (vi) = (»m) - - ®
17 15 ”‘ 15 8 17
5 12 5 1'? 13 13 5
(¢c) (i) — (i) — (iii) = (iv) — yi\vs (v1) — (vil) — (viil) — (ix) — x) —
13 13 12 i/ 12 5 12 5 13

2. For the following nght\gngled triangle ABC find the trigonometric ratios for
which m/A4 = ¢ and\ fn& Cc=90

(i) sin @ (ii) cos O B a ; C
(iii)tan 0 (iv)sin ¢
(v) cos ¢ (vi)tan ¢ ¢ 2
[
A
Solution

0 = (i) = (i) — (V) = V) (vi) =
1 — 11 — 11) — 1v) — VI — V1l —
b b a b b 1%
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Solution

3.(i) sinfcosecH
3.(if) cosOsechH =

3.(iii) tanBcotl = % X

4.

109

Considering the adjoining triangle ABC, verify that:
B

(1) sin 0 cosec 0=1
(i)  cos B secB=1 5 ;
(i11) tan O cot O =1 .
A 4 C
=2ix2=1
f X E — 1
5 4
Z=1
Fill in the blanks. N
/\ o
(i) sin 30° =sin (90° — é@*’) — 0560
(i)  cos 30° =cos (90%&” 60°) = sin60°
(ifi)  tan30° =tan (90° — 60°) = _cot60°
(iv)  tan 60° =tam(90° — 30°) = cot30° _
(v)  sin60° =4in (90° — 30°) = _cos30°
(vi)  cos 66 = cos (90° — 30°) = sin30°
(vil) sin45° =sin (90° — 45°) = cos45°
(viil) tan 45° =tan (90° — 45°) = cot45°

(ix) cos45° =cos (90° — 45°) = sind5°
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5. In a right angled triangle ABC, mZB = 90° and C is an acute angle of 60°. Alsc

sin mZA = %, then find the following trigonometric ratios:

A
O Gi)  cos 60°
(iii)) tan 60° (iv)  cosec % b c
t 60° i in 30°
(v) co (vi)  sin ! £ -
(vil)) cos 30° (viil) tan < C a B
(ix)  sec 30° (x) cot 30°
Solution
Lo a .d ... C b ac
(1 — (@) — (@) — (av) — (V)
‘ b a ¢ Ve
.. @ . € L.oa ’\Cg C
(vi) — (vir) —  (vin) —((){ai» — (x) —
~N
ALY
\“
g‘&
&
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{( EXERCISE 6.3 )

1. If 0 lies in first quadrant, find the remaining trigonometric ratios of 0.

(i) sind= % (ii) cos 0 = % (ifi)tan 6 = —

(iv) sec0=3 (v) cotB= \/g

Solution
1.3) sin@ =2
3 . By Pythagoras Formula
3 H? P2+B,{\;>32—22+B2
2
=>BZ§§’— —5=B8=15
B A oD
Vs 5 2 ‘3‘\3 3
(1) cos=— , tan0=—=, cos€tb = —, secO=—=, coth=—
3 5 \g\ 2 NG
1.(ii) cos@ = 3 A0
4 N By Pythagoras Formula
C 1\\2\\
4 Q H? = P? 4 B2 = 42 = p2 4 32
7
] ) >P2=16-9=7=P =17
3
7 4 3
(11) sin= —,tan 0= —, cosec 0 ,sec = —,cotB
4 3 J7 3 J7
1.(iii) tan@ = *
2 . By Pythagoras Formula
V5 J ) H? =P? +B? = H? = 1% + 22
) ) >H2=144=5=H=+5
2

1 2 Js
(111) sinB——,cosH——,cosccB—\/g,sccﬂ——,cotB—Z
Js Vs :
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3

1.(iv) secf =3 ==
. 1 By Pythagoras Formula
3 H? = P? + B2 > 32 = p2 + 12
2V2
] ) >P2=9-1=8=3P=2V2
1
| L ! 3 i
(1v) sin 0 = ,cos0=—_tanB= 2+/2 ,cosec = —=,cot = —=
: 3 22 2
_ 3 _ 3
L) cotb= [5=7 By Pythagoras Formula
C
2 2
NG H?=P2+B%= H? = (V2) + (V3)
V2 Q&
:>H2=%)(§§\3=5:>H=\/§
B A
&
V3 5}\“
S
, 2 3 O 2 5 5
(v) smH—\/:,cosﬁ—\/:,;a\ﬁ%—\/:,cosecﬂ—\/:,secﬂ—\j:
5 5/;/0 3 2 3

QY
N -
Prove the Following Trigo\g’bmetnc Identities

2. (sin @+ cos 0)>’=1+ 2 sin 0 cos 6

Solution
(sin® + cosB)? = sin?0 + cos?0 + 2sinBcosO
(sin® + cosB)? = 1 + 2sinBcosO

cos0 |
3. _ =

sin® tanoO
Solution
coso 1
sin@ - COte = E
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4 sin 0 +cos€!_1

cosec O sec O

Solution
sin® cosO . 1
= sinB X + cosO X —
cosecO secO cosecO secO
sin© cosO

= sinB X sinB + cosO X cosd = sin?0 + cos?0 =1

cosecO secO

5. cos?’0—sin?0=2cos*0—1

Solution
c0s?0 — sin®0 = cos?0 — (1 — cos?0) = cos?0 — 1 + cos?H
cos?0 — sin?0 = 2cos?0 — 1

6. cos*f—sin*H=1-2sin’0
Solution <§\\

cos?0 — sin’0 = (1 — sin®) — sin’0 = 1 — sin”6 — sin”6
cos?0 — sin’0 = 1 — 2sin?0 2

>
l-sin® cost \\}Qf\
cos®  1+sin 8/5\“\
Solution v
1-sin® _ (1-sinB)(1+sinB) \Q}*sinze o cos?0 __ cosf
cos® cosB(1+sinb) - ‘c‘8§9(1+sin9) o cosO(1+sinb) " 1+sin0
l—sin 0
8. (sec O —tan 0)? = _
l1+smn 0
Solution

1 sinﬂ)2 . (1—sin9)2 _ (1-sin®)? _ (1-sinB)(1-sinM)

secH — tanf)? = ( -
( ) cos®  cosO cos@ cos206 1-sinZ%0

. 2 _ (1-sinB)(1-sinB) _ 1-sin6
(secd — tand)” = (1-sin®)(1+sinB)  1+sind

9. (tan 0 + cot 8)*> = sec? O cosec” 8

Solution

. . 2 2
2 _ (sin® cose)2 . (51n29+ cosze) . ( 1 )
(tane T COte) - (cose T sin0 - cosOsin® "~ \cosBsin@
(tan® + cotB)? =

1

2 2
= sec“0 cosec-0
cos20  sinZ0

113
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t + 0-1
10. an 0+ sec =tan O + sec O
tan O —sec 0+1

Solution
tanB6+secH—-1

tanB—-secO+1
__ tan6+secO—(sec?0— tan?0)

tanB—-secO+1
__ tanB+secO—(secO— tanB)( secO+ tanb)

o tanO—secO+1
__ (tanB+secB)[1—-(secO— tand)]

tanb6—sec6+1
__ (tanB+secB)[1—secB+tanb]

1—secO+tan0

= tan0 + secH

11.  sin®0—cos’8=(sinf - cos 0)(1 + sin 6 cos 6)
Solution <§\
sin30 — cos30 O

69‘

= (sin® — co0s0)(sin?0 + cos?0 + sinBcosQ)?;
= (sin® — cose)(l + smecose) {.:}

12. sin®B—cos® 0= K@@e cos” 0)(1 —sin® O cos” 0)

Solution

sin®@ — cos®0

= (sin?0)3 — (cos?0)3 N
= (sin?0 — cosze)[(smzef2 + (cos?0)? + sin?0cos?0]

= (sin?0 — c0s20)[(sin?0)? + (cos?0)? + 2sin?6cos?0 — sin®Ocos?0]
= (sin?0 — c0s20)[(sin%0 + cos?0)? — sin®Bcos?0]

= (sin?0 — co0s20)(1 — sin?0cos?0)

‘i/
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{(_ EXERCISE 6.4 )}

L8 T T £L
0 0 300== [ 45°0== [ 60°=2 | 90°o="=
6 4 3 2
. 1 1 \/g
sin 0 0 — — —_ 1
2 2 2
NEY 1 1
cos 0 1 —_— - - 0
2 V2 2
1
tan O 0 T 1 -\/5 0
3
AN . . .
1. Find the value of the following trigonon;e@c ratios without using the
calculator. QO
w0’
(1) sim 30° (i1) cos 30° ‘\\\' (ii1))  tan % (iv)  tan 60°
{\\n/
. : . O 3y . N,
(v) sec 60 (vi) %S\:’— (vil)  cot 60 (viii) sin 60
o 3
AC -
(ix) sec30° (x:)gix‘ cosec 30° (x1) sin45°  (xi1)) cos N
Solution Q

N

O DX G i i) 3
2 2 3
L N3 .. V3
W) 2 (vi) — (vi))—/ (viil) —
2 3 2

23 V2 J2

(ix) 5 (x) 2 (xi) > (xii)TZ
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2.  Evaluate:

(i) 2 sin60° cos60° (i) 2 cos % sin g
(111) 2 sin 45° + 2cos 45° (iv)  sin 60° cos 30° + cos 60° sin 30°

(v) cos 60° cos 30° — sin 60° sin 30° (vi)  sin 60° cos 30° — cos 60° sin 30°

(vii) cos 60° cos 30° + sin 60° sin 30° (viii) tan % cot %+ 1

Solution

2(1): 2sin60°cos60° = 2 X ‘/2—5 X % = ‘/Z—g

2(i1): 2cosgsing =2X % X \/2_§ = \/Z—g

2(iiil): 2sin45° + 2cos45° = 2 X % +2 X % =V2+V2=2V2
2(iv):sin60°cos30° + cos60°sin30° = 73 X 73 + % xt=2 +% = % =1

N
2(v):c0s60°c0s30° — sin60°sin30° = = x 2 V3 NN

- _—— —0 = — — — = 0
2 2 2 2 4 4
2(vi):sin60°cos30° — cos60°sin30° = \/2_§ x 33 f?% X % = %—% = % = %
2(vii):cos60°co0s30° + sin60°sin30° _Q%\? -+ 73 X % = ? + ? = %ﬁ - 73
B _
2(viii): tan cot +1= EXT—I/:(I;\— 1+1=2

7

v
3. Ifsin — d — h, then find the value of the foll
sin 5 and cos equalgb \/_eac en find the value of the followings:

(1) 2sin45°- 2(:':)55'\15O (1) 3 cos 45° + 4 sin 45°
(111) 5 cos 45°—3 sin 45°
Solution
0 - : o __ o i_ i — _ —
3(i): 2sin45° — 2cos45 —ZX\/? Zxﬁl_ﬁ V2 =0
3(i): 3cos45° + 4sin45° = 3 X 5t 4 X 55
o _3¢ind5e = §x L _ gy L2 _¥2xv2_
3(iii): 5cos45° — 3sin45 _SX\/E SXﬁ— =05 =42
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{( EXERCISE 6.5 )P

1. Find the values of x, y and z from the following right angled triangles.
1(i) mzA = 30°y = 4cm

117

Solution ) c
mzC = mzB — mzA = 90° — 30° (1)
mzC = 60°
§ = tan30° % = cos30° Z x
x_ 1 4_ V3
* \/45 22, 8 30° [
=5 Z=4x_3:ﬁ A y=4cm B
1(ii) mzA = 45°,y = v/3cm
Solution ) Q
mzC = mzB — mzA = 90° — 45° ‘C)\;
m«C = 45° RZS g
Y = tan45° y = sin45° z"&w >
X y/ '\ I
X Z \/E ”\\\w
x =43 z = V3 x 2= V6

QY

s\s‘“

\
N

1(jii) m4C = 60°,z = 2cm® |

(iii)

Solution
mzZA = mzZB — mzC = 90° — 60°
mzA = 30°
X o y . o
o= cos60 o= sin60
x_1 y 3
2 2 27 2
X = E 2X\/§

2 y=—
X = 1 y — \/§
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1(iv) m£A = 45°y = 4cm

{ C
Solution (iv)
msC = m4£B — msA = 90° — 45°
msC = 45° .,
X = tan45° Y = cos45° X
y y/
X 4 1
= 1 - =
4 Z \/E 45°
x=4 Z:4\/§ A y=4cm B
2. Find the unknown side and angles of the following triangles.
2(i)
By Pythagoras Formula (1)
2 2
b? = a2 +c® = b2 = (v3)’ + (VI3) c
S bh2=3+13=16=b =4 o) £
. “C,;?') b a
SinA = r = . 0.4330 A l:[:
m{o\\s./ A
A = sin1(0.4330) = 25.64° v\:\\,\f}v c=J130m B
msC = msZB — mzA = 90° — 254@2”
m«C = 64.36° Q
2(ih) »\;‘?’
By Pythagoras Formula C
(i1)
b? = a%+ c? = b? = (4)? + (4)?
=>b2=16+16=32=b =42 i 5
2
c 4 1 !
COSA—E—E—\/—E—O.7O71 s
A = cos1(0.7071) = 45°
A c=4cm B

mzZC = msZB — mzA = 90° — 45°
mzC = 45°
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3. Each side of a square field i1s 60 m long. Find the lengths of the diagonals of the

field.
Solution SOm
A square's diagonal forms a right-angled triangle with two sides.
If'a’ and 'b' are the sides of the square and 'c' is the diagonal. Then
Using Pythagorean Theorem: @“?f'
C2=2a2+ b2 60m Q\’f’
In this case, a = b = 60m.
Therefore, c2 = 602 + 602 )
c? = 3600 + 3600 = 7200 B
¢ =/7200 = v/3600 X 2 = 60v2m S
Solve the following triangles when mZB = 90°:
4. msC=60° c=3y3cm
Solution <
mzsC = 60°,c = 3v3cm i <
mzA = mzB — mzC = 90° — 60° o°
mzA = 30° {3}\
c . a '{“ 6
— = sin60° — = sin30° &>
b b O 3
3W3_ V3 N
b 2 6 2 A0
2x3+/3 a=- -
b= 7 2 N
b = 6cm 4 :\%«
3V3
Solve the following triangles when mZ£B = 90°;
5. msC=45°, a=8cm
Solution
mzC = 45° a = 8cm
mzA = msB — mz4C = 90° — 45°
msA = 45°
a o c —_ o
- = sin45 - = cos45 8v2 3
8 _ 1 < 1
b V2 8v2 V2
b= 8\/§Cm c = %
V2
c = 8cm
8

Visit us @ YouTube “Learning with Usman Hamid”

e60m



Solve the following triangles when m/£B = 90°;

6. a=12cm,c=6cm
Solution
By Pythagoras Formula

b? = a? + ¢? = b? = (12)% + (6)?
= bh2=144+36=180=>b = 61/5

SinA = % = % — 0.8944

A = sin1(0.8944) = 63.4°
msZC =msZB — mzA = 90° — 63.4°
mzsC = 26.6°

A
:":,/\\
o~

52
Solve the following triangles when m&8'= 90°:
{\\m/

7. mZ4=60°, c=4cm 2@

AN

Solution A
mzA = 60° c = 4cm “&/f ~
msC = msB — msC = 90° s60°
mzC = 30° NN
C a
5= cos60° b= sin60°
1_1 a_¥3
b 2 s 2
b=4x2 _8V3
b = 8cm a=

a=4V/3cm

120

65
12

44/3
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Solve the following triangles when m/£B = 90°;

8. mzA = 30°% c = 4cm
Solution

mzA = 30° c = 4cm
m«sC = msB — m«C = 90° — 30°
m«C = 60°
= = c0s60° 2 = 5in60° ?
o = cos L = sin 2
a_1 a_ V3
b 2 8 2
b=4x2 _8V3
b = 8cm a=7

a = 4/3cm

43
N\
O
Solve the following triangles when m&@%—‘ 90°:
O
9. b=10cm, a=6cm QO
O
Solution N
By Pythagoras Formula "i}'
g
b? = ¢ +a? = (10)? = ?&\(6)* 10
=>c¢?2=100—36=64=>c=38
sinC=<=—=0.8
b 10

C =sin™1(0.8) = 53.1°
msA = msZB — m«C = 90° — 53.1° 6

mzA = 36.9°

Visit us @ YouTube “Learning with Usman Hamid”



122

10. Let O and R be the two points on the same — ~"— — ~—/

T — —

bank of a canal. The point P is placed on the :’:f‘“—"‘\_—frf-hf-

other bank straight to point R. Find the width — /Lﬁ]ﬁ. —
T

— _‘_\.__/'\__/—“x

W e A /'—“‘M-._ T T
of the canal and the angle POR. — g Sy
T T — T e T T e
T T ———— T
T _/_'““x__/'—'““\-.h_l,_ T e
0 5 R

Solution
By Pythagoras Formula

|PQI? = |PRI? + |QR|?
(13)* = [PR|? + (5)

IPR|2 = 169 — 25 = 144

O
|PR| = 12km ‘C)"
0 °
PR 12 43
tan(LPQR) = & =T = 2.4 &f\}\,
/PQR = tan~1(2.4) = 67.38° ,\a\”
,\
A &
o ¢ B X C
& O]
O
11. Calculate the length® x in the o
adjoining figure. \QC’N g
A 17 cm D
Solution
Applying Pythagoras Formula | Again applying Pythagoras Formula
For AABD ForABCD
|AD|?> = |BD|? + |AB|? |BD|? = |BC|? + |CD|?
(17)22 |BD|? + (10)2 (3\/2—1)2 = x2 + (8)2
|BD| = 3v21 x =5v5
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12. If the ladder is placed along the wall such that the foot of the ladder is 2 m away

from the wall. If the length of the ladder is 8 m, find the height of the wall.

Solution
By Pythagoras Formula

8% = H* + 2°
64 = H> + 4
H? =64 —4 =60

H=7.75m

13. The diagonal of a rectangular field ABCD is
(x + 9)m and the sides are (x + 7)m and x m.
Find the value of x.

o
/\
Solution Qf\
By Pythagoras Formula &
Y
(x+9)?%=(x+7)?+x? O

x?+ 18x + 81 = x? +14x+49+\<3\\\>
x2 4 18x + 81 = 2x? +14x+49/
x?—4x—32=0 Q)
x—8)x+4)=0

x=8or x=-4

Since x cannot be negative, therefore x = 8

7.75
2
C
S -
& >
[
(x+ Tym B
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14. Calculate the value of ‘x’ in each case.
B X Cm C
| 3
B
3] ,LQ&’
A
Solution

By Pythagoras Formula
|AC|* = |BC|?* + |AB|?
(20)2 = x% + (12)?

x%? =400 — 144 = 256

o
x =16cm ) o~
. o2
14. Calculate the value of “x” in each case.
&

rr . '\V

A
Solution
Applying Pythagoras Formula | Again applying Pythagoras Formula
For ADBC For ADBA

|IDC|* = |DB|* + |BC|? |AD|* = |DB|* + |AB|?
(5)* = |IDB|* + (4) x? = (3)* + (4)*
IDB|? =25—-16=9 x2=9+16 =25
|DB| = 3cm x=5cm
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€ EXERCISE 6.6 )P

1. The angle of eclevation of the top of a flag post from a point on the ground level

40 m away from the flag post is 60°. Find the height of the post.
Solution
tan(60°) = %
h = 40 X tan(60°)
h = 40 x V3
h =40 x 1.732050807

h = 69.28 meters
So, the height of the flag post is approximately 69.28 meters.

2. An 1sosceles triangle has a vertical angle of 120° and a base 10 cm long. Find
o A
the length of its altitude. N
Solution
o3

tan60° = o

_ 5

" tan60°

5

h=7
h = 2.89 cm

So, the length of the altitudgles approximately 2.89 cm.

3. A tree is 72 m high. Find the angle of elevation of its top from a point 100 m
away on the ground level.
Solution
tan(0) = h
d C
72
tan(0) = o0 R
= arctan ( ) A T !
6 =~ 35.99°

So, the angle of elevation of the top of the tree is approximately 35.99°.

Visit us @ YouTube “Learning with Usman Hamid”



126

4. A ladder makes an angle of 60° with the ground and reaches a height of 10m
along the wall. Find the length of the ladder.
Solution

sin(0) = %

sin(60°) = %

20
l = 5~ 11.55 meters

So, the length of the ladder is approximately 11.55 meters.
5. A light house tower is 150 m high from the sea I;Qfel. The angle of depression

from the top of the tower to a ship is 60°. Fi’“n\’fvg(hle distance between the ship
and the tower. g

) R
Solution x
h O
tan(0) = - &)
d 2
150 \'\\\\ 605>
oy — °2Y ’
tan(60°) = . A0
K¢
150 &N 150m,
d = N -
tan(60°) \:,:}“ 60
> 3 A d B
150
d = — =~ 86.60 meters
\3

So, the distance between the ship and the tower is approximately 86.60 meters.
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6. Measure of an angle of elevation of the top of a pole is 15° from a point on the
ground, in walking 100 m towards the pole the measure of angle is found to be
30°. Find the height of the pole.

Solution
Initial distance from the pole (d;) = x + 100 meters

Initial angle of elevation (0;) = 15°
Final distance from the pole (d,) = x meters (after walking 100 meters)
Final angle of elevation (6,) = 30°

We can use the tangent function to relate the angles, distances, and height (h) of
the pole:

tan(0,) = di
1
tan(15°) = i & i
an ~ (x + 100) O
h = (x + 100) x tan(15°) & )
h O
tan(0,) = — <N / /‘ [}
d; B\ . .
.\‘" »
tan(30°) h /‘;\\' ol 2
an = — { v
< Q $ % & } Jozm fc w o
h = x x tan(30°) “

Equating the two expressions:

(x + 100) x tan(15°) = x x tan(30°)

(x +100) x 0.2679 = x x 0.5773

0.2679x + 26.79 = 0.5773x

26.79 = 0.3094x

X = 86.73 meters

Now that we have x, we can find the height (h) of the pole:
h =x x tan(30°) = 86.73 x 0.5773 = 50 meters

So, the height of the pole is approximately 50 meters.
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7. Find the measure of an angle of elevation of the Sun, if a tower 300 m high
casts a shadow 450 m long.

Solution _ c

tan(0) = % §

300
tan(e) = E P
I 4
0 = arctan (ﬂ) ot o
450

6 =~ 33.69°

So, the measure of the angle of elevation of the sun is approximately 33.69°.

8. Measure of angle of elevation of the top of a cliff is 25°, on walking 100 metres
towards the cliff, measure of angle of elevation of the top is 45°. Find the height
of the cliff.

Solution

Initial distance from the cliff (d;) = x + 100 meters o\

Initial angle of elevation (0;) = 25° p \5\

Final distance from the cliff (d2) = x meters ¢, N

Final angle of elevation (0,) = 45° 4

_ L {Q..; 4 :

tan(0,) = Q. & ;8

tan(25°) = —- Nl
a (X + 100) o~ #

h = (x + 100) X tan(25°) V° ___ // f' “'
h xf:j N ="

an®2) = 3, / / T
h [ <

tan(45°) = < 14 . ‘({

h = x X tan(45°) _”; L _

Equating the two expressions: 3 “‘/ - - -'L'.'C.F' |

(x +100) x tan(25°) = x x tan(45°) f é' , Pl {7&

(x +100) x 0.4663 =x x 1

0.4663x + 46.63 = X

46.63 = 0.5337x

x = 87.32 meters

Now that we have x, we can find the height (h) of the cliff:

h =x x tan(45°) = 87.32 x 1 = 87.32 meters
So, the height of the cliff is approximately 87.32 meters.
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9. From the top of a hill 300 m high, the measure of the angle of depression of a
point on the nearer shore of the river is 70° and measure of the angle of
depression of a point, directly across the river is 50°. Find the width of the river

How far is the river from the foot of the hill?
Solution
Distance to the nearer shore:

tan(70°) = 300 / X
x =300/ tan(70°) = 300/ 2.748 =~ 109.2 meters
Distance to the point across the river:
tan(50°) =300/ (x + w)

where w is the width of the river.
1.192 =300/ (X + W)
x+w=300/1.192

X +w = 251.7 meters
109.2 + w=251.7

w =~ 142.5 meters

So, the width of the river is appfoxmately 142.5 meters.

The distance from the foot of the hill to the river is approximately 109.2 meters.

10. A kite has 120 m of string attached to it when at an angle of elevation of 50°.
How far is it above the hand holding it? (Assume that the string is stretched.
Solution
sin(0) = E
sin(50°) = —

120

h =120 x sin(50°)
h~120 x 0.766 = 91.92 meters

So, the kite is approximately 91.92 meters above the hand holding it.
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@(REVIEW EXERCISE 6 )P

1. Four options are given against each statement. Encircle the correct one.

(i) The value of tan™! 2 in radians is:

(a) g (b) 37“ © Llla @V 1.11

(1) In aright triangle, the hypotenuse is 13 units and one of the angles is 8 =30°.
The length of the opposite side is:
(a) 6.5 units (b)/ 7.5 units (c) 6 units (d) 5 units

(iii) A person standing 50 m away from a building sees the top of the building
at an angle of elevation of 45°. Height of the bl,u'\k:ling is:

@V/50m ® 25m (¢ ¢735m @ 70m
,,,§:3‘
(iv) sec?0 —tan%0 = . g
. {\\s./
(@) sin?0 V1 2@ (©  cos0 d  cof? 0
N
S
(v) Ifsinf= g and 0 is an acuterangle, cos’0=__
7 ‘”{*‘3’24 16 4
pon b) — o ) —
@ Ol Ol @
(vi) L d d
vVl — rad= €2recs.
24
(@) 30° (b) V/37.5° )  45° ) 52.5°
(vil) 292.5°= rad.
171 17n
(a) n (b) n € 16 V16257
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(vii1) Which of the following is a valid identity?

(a) Vcos Z_0|=sino (b) cos| =—9 )— cos 0
2 2
T it
(¢) cos| ——0 |=secH (d) COS —9]=cosec 0
2 2
ix. sin 60°=
1 ¥g
@ 1 ® - @ Jor @V
2 2
X. ¢os?100 & +sin? 100 &= .
@V 1 b) 2 © ~ 3 d 4
2. Convert the given angles from: Qv
w0’
(a) degrees to radians giving:@fswer in terms of 7.
{.\\,,}
(1) 255° i) 75°45 (i)  142.5°
Solution ,;3\\’
i): 255° = LI 2
2(i): 255° = 255 X — = — 539}/
2(ii):75°45' = (75 + =) ° £75.75° x = =~ = rad
60/ =3 180 240
2(iii):142.5° = 142.5 x — = ~Zrad
180 24
2. Convert the given angles from:

(b)  radians to degrees giving answer in degrees and minutes.

i 17 i) kD i) lln
1 - 11 - 111 -

24 12 16
Solution
2(i): = rad = 2= x 2% = 127.5° = 127°30’

24 24 T
2(ii): Zrad = = x 2% = 105°

12 12 T .
2(3iii): 2= rad = 2= x 222 = 123045

16 16 T
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3. Prove the following trigonometric identities:

Q) sin 0 _ 1+ cosH
1—cos0 sin 9

Solution
sin@ _ sin® 1+cos® _ sinB(1+cosB) _ sinB(1+cosB)  1+cosO
1-cos®  1-cos® ~ 1+cos®  1-cos20 sin20 " sin®

3. Prove the following trigonometric identities:

1

(i) sin O (cosec B —sin B) = —
sec” 0
Solution &
sin®(cosecO — sinB) = sind X ﬁ —sin?6 =1 —C@nzﬂ = c0s%0 = se(1:29

Prove the following tl;ig?gﬁometric identities:

O
G cosech—sech 1-3&no
o cosec9+se09\$?@- tan 6

3.

Solution D
1 1 co&&g‘me . 0 sin@
cosecB-sec® e cosd . sinBcoss __ €0sO—sin®  COS (1_C059) __1-tan®
LI €os0+sin® " ¢450+sinO C059(1+Sin2) 1+tan®
Ccos

cosecB+secH —+ —_—
sin® cos6 sin6cosO

Prove the following trigonometric identities:

3.
_ 1
(iv) tan0+cotO= —
sin cosH
Solution
__sin® | cos® _ sin?6+cos? 1
tan® + cotd = cosO sin@  sinBcos®  sinBcosH

Visit us @ YouTube “Learning with Usman Hamid”



133

3. Prove the following trigonometric identities:

cos O+sin 9+cos O—sin 6 2

(V)

cos 0—sin © cos B+sin ® 1—2sin’0

Solution
cosO+sin6 cosO—sin0

cosO—sin6 cos0+sin0
__ (cosB+sin®)?+(cosH—sind)?

(cosB—sin0O)(cosO+sin0)
sin?0+4cos?0+2sinBcosO+sin?6+cos?0—2sinBcosh

o c0s20—-sin20
1+1 2

"~ 1-sin20-sin20  1-2sin20

3. Prove the following trlgonognetrlc identities:
14+ cos 6
(Vl) = (cos&coé + cot 0)?
—cos 0 S
Solution ,\\’\
(cosecB + cotB)? /:l\
. ( 1 cose)2 __ (1+4cos0)? Qy%se)z (1+cosB)(1+cosB) _ 1+cosO
" \sin® = sin® ~ sin2@ \x,* —cos20  (1-cos0)(1+cos®)  1-cosO
Q
4. Iftan 0 = % then find the remaining trigonometric ratios when 0 lies in first
quadrant.
Solution
c By Pythagoras Formula
Vi1
3 H? = P? + B2 » H? = 3% + (V2)°
B A 2 _ _
73 >H?=9+2=11=H =411

. 3 . . £ . E
(i) sinb = NEi (i) cosB = e (iii) cotb = 5
. s s
(iv) cosech = - (V) secd = 5
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5. From a point on the ground, the angle of elevation to the top of a 30 m high
building is 28°. How far is the point from the base of the building?

Solution
Let's denote the distance from the point to the base of the building as x.

We know the angle of elevation (0) is 28 degrees, and the height of the building (h)
Is 30 meters.

tan(0) = g

tan(28°) = %

30
tan(28°)

30
0.53170943

~
~

X =~ 56.42 meters

So, the point is approximately 56.42 meters amy from the base of the building.
o
6. A ladder leaning against a wall féyﬁfns an angle of 65° with the ground. If the

ladder is 10 m long, how high Qo\es it reach on the wall?

AL
Solution N
Let's denote the height the Iaddel’ reaches on the wall as h.

We know the angle between the ladder and the ground (0) is 65 degrees, and the
length of the ladder (1) is 10 meters.

h
sin(0) = 7
h
10
h = 10 X sin(65°)

h = 10 x 0.906307787

sin(65°) =

h =~ 9.06 meters

So, the ladder reaches approximately 9.06 meters high on the wall.
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Coordinate Geometry

¢( EXERCISE 7.1 ))

1. Describe the location in the plane of the point P(x, ), for which
1 x>0 (1) x> O0andy>0 () x=0 (v) y=0
(v) x>0andy<0 (vi) y=0,x=0 (vii) ¥ = )
(vili) x =3 ix) y>0 (x) x and y have opposite signs.

Solution A
(i) Right half plane (i) The 1% quadrant (iii) y—é}j\s (iv) x-axis (v) 4™ quadrant
and negative y-axis  (vi) Origin (vii) Itisa gggbisecting 1t and 3™ quadrant.
(vi1) The set of points lying on and right side of the liné}: 3.
(ix) The set of points lying above x-axis. {{)V}The set of points in 2™ and 4™ quadrants.

2. Find the distance b%@%en the points:

O AGT.BR-2) ) C(-5.-2,D0.2)
(i) L(0,3pWM(-2,~4) (V) P(-8,-7), 00, 0)

Solution h

2(i)d = [4B| = {(x = x1)2 + (v = y1)? = /(0 — )2 + (=2 = 7)?

=J(=6)2 + (=9)2 = /36 + 81 = V117 = 3+/13

2 (ii)d = |CD| = \/(3 —(-5) +(2-(-2))"°

=,(8)%2 + (4)2 =64 + 16 = /80 = 4V5

2 (iii) d = |IM| = J(—z ~0)? + (3 - (-4)’°

=J(=2)*+(7)? =V4+49 =53

2 (iv)d = |PQ| = J(o —(-8))" + (0 - (=7)"

(8)2 + (7)2 = V64 + 49 =113
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3. Find in each of the following:
(1) The distance between the two given points

(ii)  Midpoint of the line segment joining the two points:
(a) A(3a 1) 3 B(_zs _4) (b) A(_gs 3) 3 B(ZJ' _I)

(©) A(—I,—;], B(-345, 5))

Solution
3() A(3,1), B(—2,—-4)

AB|=[(-2-3)* +(=4=1)? =/(=5)*+(=5)’
=725+25 =50 =+/25%2 =52
OJ

C ®

Midpoint of AB = [ >—= &% | o[ 1 =
2. 392 22
\\
3(ii) A(-8,3), B(2,—-1) fv?’\
781 = (2 - (o))" + (a3

=J(10)2 + (—4)? = \/100 +16 = V116 = 2v/29

mid point of AB = (_8+2,3+(_1)) = (—6 E) = (-3,1)

2 2 2 °2

(i) A(~V5,~3) , B(~3V5,5)
apf= -5 ) (505 = 25) 4[]
- 1 - ‘
=J20+256 =\/436 _ [4x109 _ 24109
9 9 9 3

MidpoimofAB=[_\/§;3\/_,_%+5} [ —4J5 W} ( 245, ]

2 2
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4. Which of the following points are at a distance of 15 units from the origin?
(1) (176, 7) (1)  (10,-10) (i) (1, 15)
Solution
i) Distance of (v/176.7) from origin = \/(\/176 ~0) +(7-0)’
= /(176) + (49

=\/(176)+(4§) =225 =15

— the point (\jl76,7) is at 15 unit away from origin.

il Distance of (10,-10) from origin = \/(10 —0)’ +(-10-0)

0\
. ii;HOO =4/200
qulomcz =10:/2 £15
= the point (10,—10) is not at d@@nce of 15 unit from origin.
,\Q
(iii)  Distance of (1,15) from orlgu}?g \/(1 —0)2+ (15— 0)2
v_ V1 + 225 =226
the point(1,15) from is not at‘&lstance of 15 unit from origin

‘\
\*k
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5. Show that:

(i) the points A(0, 2), B( \/g , 1) and C(0, -2) are vertices of a right triangle.
Solution

= Joa =X+ =y, P
_ JB -0y +(1-2) . ;
ﬁ. (\/—) +(_ _\/— = ; C(O.—Z)

_ /(o f)2+( 2 -1)2

\\ \

and BC | A
: = x/(i\/_) +(=3)* =V12 AG2) B(/3.1)
"O'AC = J(0—0)? +(-2-2)? ;
Als
= «’O-I'— (—4)2 =4 :
\
By pythagoras theorem (:;(\"

(AC)? = (AB)*+(BC)? _ CCQ
@2 = (2)2"'(\/ 2) - {;\\
Therefore, the given points are rtic;es of a at right triangle.

AD
5. Show that: V

(i1)  the points A(3 -‘f§ B(-2, -3) and C(2, 2) are vertices of an isosceles
triangle. N\

Solution

Given: A(3,1), B(-2.-3) and C(2,2)
AB|=(22=3)) +(=3=1) =|(=5)" +(~4)’ =25+16=441
BC\z\/(2—(—2))2 +(2-(-3)) =\/(4 *+(5) =+16+25=+/41

)
CA|=(3-2) +(1-2)" = (1)} +(-1)
T2

: ’AB‘=|BC‘ = A,B & C are vertices of an isosceles triangle.
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5. Show that:
(i)  the points A(5, 2), B(=2, 3), C(-3, —4) and D(4, -5) are vertices of a
parallelogram.
Solution

Given: A(5,2), B(-2,3) & C(-3,—4) and D(4.-5)

[4B|=(<2=5) +(3=2)" ={(<7) +(1)
=49 +1=+50 =52 D ¢

BC|=(-3+2)" +(—4-3) =\/(=1) +(=7)’
=/1+49 =50 =512

(CD|=[(4+3) +(=5+4) =(7) +(-1)
=49 +1 =150 =52

DA|=(5-4) +(2+5) =) +(7) &

=1+49 =50 =52 O
|AB| = |CD| and ‘BC| = |DA| = A, B{,@/&nd D are vertices of parallelogram.
<§\ J
6. Find % such that the points A ( )’@,\I), B (0, 2) and C(h, —2) are vertices of a
right triangle with right anglc{/@t the vertex A.

Solution R\
D

A B

Since ABC is aright tm’i}\ﬁgle therefore by Pythagoras theorem
|AB[ +|cAl" =|BC]’

= [(0—\@)2+(2+1)2}+[(\/§—h)2 +(—1+2)2}=(h—0)2+(—2—2)2
= [3+9]+[3-2V3h+ 1" +1|=1" +16

= 12+4-2Bh+h*=h*+16
= 2PB3h=r+16-12-4-1* = -23h=0 = |h=0].
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7. Find % such that A(-1, 4), B(3, 2) and C(7, 3) are collinear.
Solution
Points (x,,y,), (x,,y,) and (x;,y;) are collinear if
ooy 1
x, y, 1l|=0
ooy |1
Since given points are collinear therefore
-1 h 1
3 2 1{=0
7 3 1
= —-12-3)-h(3-7)+19-14)=0 = —-1(-1)—-h(-4)+1(-5)=0
= 1+4h-5=0 = 4h-4=0 = 4h=4 = |h=1
8. The points A(-5, -2) and B(5, —4) are ends of a@ameter of a circle. Find the

centre and radius of the circle. w\.,
‘\.}
Solution

The centre of the Clrcle iS“ mld point of AB

i.e. centre ‘C’ ={ 5+§\,\§+2 4]=[9,_—6)=(0,—3)
22 272

Now radius |A€f[‘ m
2 A .
:\/(0+5) +(-3+2) UB
=+/25+1 =+/26
9. Find % such that the points A(% , 1), B(2, 7) and C(—6, —7) are vertices of a right
triangle with right angle at the vertex A.

Solution
According to the given condition
|AB|* + |AC|* = |BC|> ... (1)

|AB| = V40 — 4h + h?; |BC| = V260 ; |AC| = VhZ + 12h + 100
Putting in (i) we have ~ h? + 4h — 60 =0

= (h+10)(h—6)=0=>h+10=0; h—6=0
=>h=-100or h=6
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10. A quadrilateral has the points A(9, 3), B(-7, 7), C(-3, —=7) and D(5, -5) as its
vertices. Find the midpoints of its sides. Show that the figure formed by joining
the midpoints consecutively is a parallelogram.

Solution
D q \
H F
A E B
Given: A(9,3), B(-7.7) , C( 3,,\) and D(5,-5)

Let E, F, G and H be the mid- pomt@ét sides of quadrilateral
Coordinate of E = (9 7 347 xTZ 10) = (L5)

?

2 2 2 2
Coordinate of F = ( 723\\?\_7) = ( ;0 g) = (—5,0)
3+

Coordinate of G = (_i

3

Coordinate of H = (9— 2

Now |EF| = \/(=5-1)*+(0-5)* = \36+25 = 61

FG| = J(1+57 +(=6-0)* = 36436 = V72 =62
GH| = /(7-1 +(-1+6)* = 36+25 = 61

HE| = J(1-7*+(5+1)? = 36+36 = 72 =642

Since ‘EF| = |GH| and |FG‘ = ‘HE‘
Therefore EFGH is a parallelogram.
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{(_ EXERCISE 7.2 )

l. Find the slope and inclination of the line joining the points:
O 2,9;6, 1D i G,-2);27 (i) (4,6);(4,8)
Solution
154
Dy 11=4 7 SV
Slope m=22"2 =—=1 o
X, =X, 5+2 7 24)
Since tana=m=1 herrar: anna-taan
= a=tan"'(1) =45 / s
.. N\
(#H) (3.-2) : (2.7 ) 104
V,— ¥ 7 +2 ©
Slope m=-2—- = 4969 2.7

Since tana=m=-9

= —tan =9 :ta@éo a)=9
70} -5 5 10 X

= 180—-«a = tan” g}/ (3.-2)

= 180—- a'=83:§{) -5¢

@ = 180— 8340 = 96720/

i) (4,6) : (4,8) od
) 4.8
Slope m= x;_;ﬁ‘ 5 546;
_8-6 2 .
4-4 0 |
Since tana=m=c -3 5 10 X
= a=tan" (=) . v

=90°
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2. By means of slopes, show that the following points lie on the same line:
@H  4AE1,-3)5B8(1,5): 02,9 1) P@E,-5);07,5);R310,15)
(iii)  L(-4,6) ; M(3, 8); N(10,10) (iv) X(a,2b); Y(c,a+b); Z2c—a,2a)
Solution

(i) Let A(—1,-3),B(1,5),C(2,9) be given points
5-(-3) _ 5+3 _ 8

Slope of AB = il
SIopeofBC=E=3=4
2-1 1

Slope of AB = Slope of BC
Therefore A,B and C lie on the same line.

(ii) Let P(4,-5),Q(7,5),R(10,15) be given points
5-(=5) _ 5+5 _ 10

Slope of PQ = Pt -
_15-5 _ 10 RN
Slope of QR = — == P
Slope of PQ = Slope of QR {.;:3‘
Therefore P,Q and R lie on the same line. ,\:\

-
\Y;

(iii) Let L(—4,6), M (3,8), N(10,10){@a\’\g’iven points

8-6 8-6 2 AV
Slope of LM = =—=3V
3=(=4)  3+4 AV
10-8 2 N
Slopeof MN=— =2V
10-3 7 N

Slope of LM = Slope of MN
Therefore P,Q and R lie on the same line.

(iv) Let X(a, 2b),Y(c,a + b),Z(2c — a, 2a) be given points
Slope of XY = &rh=2b _ a-b
p - c—a o c—a

Slope of Yz = 28-(@tb) _ a-b
P o (2c—a)-c " c¢-a

Slope of XY = Slope of YZ
Therefore X,Y and Z lie on the same line.
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3. Find % so that the line joining A(7, 3) ; B(k, —6) and the line joining C(—4, 5) ;
D (-6, 4) are:

(1) parallel (11) perpendicular.
Solution
Since A(7,3), B(k,—6), C(—4.,5) and D(-6,4)
6-3 -
Therefore slope of AB=m, = )
k-7 k-7
4-5 -1 1
Slope of CD=m, = = —
—6+4 -2 2
(i) If AB and CD are parallel then m, =m,
: &
= o1 %0“—18=k—7
k-7 2 <\<§

= k——18+§) = |k=-11
(i) If AB and CD en;e perpendmular then mm, =-1

:[“‘ ][%:1 = —9=-2(k-7)
k-7 )2
= 9=2k-14 = 2k=9+14=23

= |k=—
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4. Using slopes, show that the triangle with its vertices A(6, 1), B(2, 7) and
C(—6, —7) is a right triangle.

Solution
Since A(6,1),B(2,7) and C(—6,-7) are vertices of triangle therefore

7-1 6 3

Slope of AB = =m, = =—— REMEMBER
2 - 6 _4 2 The symbols

Slope of BC = m, = —71-17 _12 7 (i) || stands for ‘parallel”
—6— 2 —8 4 (i1) }'f stands for “not parallel”

(iii) L stands for “perpendicular”
1+7 8 2

Slo eofazn - - ==
P 57646 12 3

S; ( 3)\2)_ l
ince  mym, = 537 {{\(\
o7

= The triangle ABC is aright tu@‘fgle with mZA =90

5. Two pairs of points are given. Fl&@ether the two lines determined by these
points are:
(i) parallel (i1) /%erpendlcular (iii)  none.
(a) (1,-2),(2,4) an@ﬁ 1) (-8, 2)
() 3,4, (6, 21@11?1 (4,5), (=2,-7)

Solution
(a) Slope of line joining (1,-2) and (2,4) =m 42+? fli 6
Slope of line joining (4,1) and (-8,2)=m, = -1 _
- 84 —12
Since m, #m,
Also mm, =6- L —i¢_1
-12 2

—> lines are neither parallel nor perpendicular.
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(b) Slope of line joining (—3,4) and (6,2) = m, = 6_2(__43) =-2
Slope of line joining (4,5) and (—2,—7) = m, = :Zj = ‘_—162 =2

Since m; # m,

Also mym, = (— g) @) =-2%-1

= Lines are neither parallel nor perpendicular.

6. Find an equation of:

(a) the horizontal line through (7, -9) (b) the vertical line through (-5, 3)
(c) through 4(-6, 5) having slope 7 (d) through (8, —3) having slope 0
(e) through (-8 , 5) having slope undefined
(f) through (-5, -3) and (9, —1)
(g)  y-intercept: =7 and slope: =5

(h) x-intercept: —3 and y-intercept: 4

(1) x-intercept: -9 and slope: -4 o\
a4

Solution v

r

(a) Since slope of hUrle@[al line =m=0
F& (.3)=(7.-9)
therefore equation of"hhe

y = (=9)=0(x -37}
= x+9=0

(b) Since slope of vertical line m = —%
& (x,,y,)=(-5.3)
therefore required equation of line
y=3=o(x~-(-3))
= }’—3=é(x+5) = O(y-3)=1L(x+35)

= x+5=0
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(© o (x.31)=(-6.5)
and slope of line =m =7
so required equation

}-‘—5=?(x—(—6))
= y-5=7(x+6) = y=5=T7x+42
= Tx+42-y+5=0 = Tx-y+47=0

(d) Slope = m = 0 and Point = (x4,y,) = (8,—3)
Equation of lineisy —y; = m(x — x;)
y—(=3)=0(x—-8)

y+3=0
(e) o (x,y,)=(-8 S) &
and slope of line =m = (~§§\

So required equation
y—5=c é}&f- ( 8))

= y-— Sz%\ (x+8) = 0(y-=5)=1(x+8)

= x~’§§‘§8 0
(f/  The line through (-5, 3) and (9,-1) is
—-1-(-3 )
}"(‘3)=ﬁ(_5))(x—(—5)) :>}’+3=H(x+5)
e 3‘"+3=%(x+5) — 7y+2l=x+5
= x+5—-—T7y—-21=0 — x—7y—16=0
(9) © v —intercept =—7

— (0,=7) lies on a required line
Also slope =m =-5
So required equation
y—(=7)=-5(x—-0)
= yv+7=-5x = S5x+y+7=0
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(h) x —intercept =a =-3
y —intercept =b =4
Using two-intercept form of equation line

,_1.‘ 4 l =1 — i 4 i =)
a 3 4
= 4x-3y=-12 xXing by —12
= 4x-3y+12=0
(i) Slope = m = —4 and Point = (x4,y,) = (—9,0)
Equation of lineisy — 0 = —4(x — (-9))
y=—4(x+9)
4x+y+36=0
7. Find an equation of the perpendicular bisector 02{1’}6 segment joining the points
A(3 ,5) and B(9, 8). (:}
Solution o9’
>\«.,
Given points A(3,5) and B(9,8)

Midpoint of AB= 3+9 5+8 g\

Slope of AB=m= ;5 3
9-3 6¢*“2
Slope of line L to AB = :1 - 2 A(3.5) B(9.8)

m yQ
13

Now equation of L bisector having slope —2 through (6 ?]

= y—%=—2(x—6)
= ).=—§:—2x+12 = y—%+2x—12=0

:>2x+y—377=0 = 4x+2y=-37=0
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8. Find an equation of the line through (—4, —6) and perpendicular to a line having
slope =3
P 7
Solution
Here (x,,y,)=(—4,-6)
-3

Slope of given line =m = 7

required line is L to given line

slope of required line =——= —L 2
-3 3
2
Now equation of line having slope § p(‘)“ ing through (—4,-6)
o
—6 x—(—4
Y= (=6) =¢ <\3 (-4))
= 3(y \\\?—2(x+4) = 3y+18=2x+38
23@3%—3}-—18 0 = 2x-3y-10=0
9. Find an equation of 4\5@ line through (11, —5) and parallel to a line with
slope —24.
Solution

Here (xl,yl) = (1 1,-5)
Slope of given line =m =-24
required line is || to given line
slope of required line =m =-24
Now equation of line having slope —24 passing through (11,-5)
y—(=5)==-24(x-11)
= y+5=-24x+264 = 24x-264+y+5=0
= 24x+y—-259=0
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10.  Convert each of the following equations into slope intercept form, two intercept
form and normal form:
(a) 2x—4y+11=0 (b) 4x+T7y-2=0 (c) 159-8+3=0
Solution

(a) 2x—4y+11=0

(i) - Slope-intercept form

- 2x—=4y+11=0
2x+11
= 4y=2x+11 = y= x;—
1 11
= y=—x+—
2 4

: . . : : . 1 11
is the intercept form of equation of line with m = > and c=—

(ii) - Two-intercept form QO
2x=4y+11=0 = 2x—4y ==

2 4
= —x———y=1

0 1
—11° -1l _lé ?7
is the two-point form of equation_ oixgne with a = _U and b= —l
\\ 2 4
2x- 4&‘#/11—0 = 2x—4y=-11

Dividing above equa-j;wn by /(2)* +(—4)* = \/_ NG

(iii) - Normal form

2x 4y _ -1l N 2y -l
2V5 25 245 «E \/5 25
- - +2y— 1 Xing by —1
5045 25 |
Suppose Cosa’z—%<0 and sina’z%>0

= « lies in 2" quadrant and & =cos ™’ (—L =116.57

V5

Hence the normal form is

11

xcos|116.57° )+ ysin(116.57 |=—F+
11
And length of perpendicular from (0,0) to line = p=——=
g perp p 2\/5
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(b) 4x+7y-2=0
(i) - Slope-intercept form

©4x+7y-2=0
= Ty=—4x+2 = y=#
4 2
= y=——Xx+—
7T
: : . : : ) 4 2
is the intercept form of equation of line with m = - and c=—
(ii) - Two-intercept form
v Ax+T7y=-2=0 = 4x+T7y=2
= 2x+zy=l —1ngby2
2 <~:\
I %9
] 2 77
/ / {5}\‘"'
is the two-point form of eql.@;bn of line with a —% and b —%
\
(iii) - Normal form /‘;/V
" 4x+Ty \2& 0
= 4x+ 7\33*—“
Dividing above equa‘[lon by J@4) + (7 =J16+49 =/65
Y=
J_ J_ J_

~J]

4
Suppose cos¥=——>0 and sinad=——
V65 5

o)

>0
o L4
= « lies in first quadrant and o =cos f =60.26"
Hence the normal form is

xcos(60.267) + ysin (60.26°) = Z

Jos5

And length of perpendicular from (0,0) to line = p = L

J65
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() 15v—-8+3=0

(i) - Slope-intercept form

15y-8x+3=0
— 15y=8x-3 = y=2r73
15
§ 3 81

RN TS
: : . : : . 1
is the intercept form of equation of line with m = T and ¢ = s

(ii) - Two-intercept form
15y-8x+3=0 = —-8x+I15y=-3

8x

:>?—5y=l = / Z\'(?

1
is the two-point form of equatlole{‘s‘t’ lme with a= 3 and b= 5
O
(i) - Normal form &0
- 15y—8x+3=0 &(\\
= 8x—-15y=3 7~ v
Dividing above equation l;yoj(S) +(=15)* =/64+225=/289 =17
8 13* 3
17 177 17
8 : 1
Suppose cos@=—>0 and sinad=——<0
17 17 ; [ 8 )
8 X = COos E
= « lies in 4" quadrant and @ =cos” (—] =298.07 ) ]
17 =61.93", 298.07
Hence the normal form is Taking value that
3 lies in 4" quadrant.

XCOoS ( 298.07° ) + ysin ( 298.07° ) =

And length of perpendicular from (0,0) to line = p = %

Visit us @ YouTube “Learning with Usman Hamid”



153

11.  Ineach of the following check whether the two lines are
(1) parallel (i1) perpendicular (iii) neither parallel nor perpendicular
(a) 2x+y-3=0 ; 4x+2y+5=0
(b) Jy=2x+5 ; 3x+2y-8=0
(c) 4y +2x—1=0 ; x—2y-7=0

Solution

(@ Let [:2x+y-3=0
[,: 4x+2y+5=0

Slope of [, =m, = —% =-2

Slope of [, =m, = —% =-2
Since m, =m, therefore /, and [/, are para,lﬁ

O
(b) Let [ :3y=2x+5 = 2x-3y%45=0

l: 3x+2y-8=0 O
N
2 229
Slope of [, =m; =——= 23"

N
3 /,g
\
Slope of [, =m, = —&%=
. 2)(_ 3 .
Since mm, = 3\ 72 =—-1 = [ and [, are perpendicular.
(¢ Let [:4y+2x—-1=0 = 2x+4y-1=0

[,: x=2y-7=0

Slope of [, =m, =—z __1
2
1 1
Slopeof [, =m, =———=—
PRI
- 1 1 1
Since m, #m, and mm, =(—](——j =—— %]
2 2 4

= [, and [, are neither parallel nor perpendicular.
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12.  Find an equation of the line through (-4, 7) and parallel to the line 2x— 7y+ 4=0
Solution

Let [: 2x=T7y+4=0 REMEMBER
i If I:ax+by+c=0

Slopeof I=m=- =%

then slope of /= —<
Since required line is parallel to / en siope of £=="

Therefore slope of required line =m = g
7
Now equation of line having slope % passing through (—4,7)

y=T=2(x=(-4)

= T(y-TN=2x+4) &
= 7y—49=2x+8 %(21+8 7y+49=0
= 2x-=Ty+57= 0{'\

13.  Find an equation of the line thr 5, —8) and perpendicular to the join of
A(-15,-8), B(10, 7). \<\\
Solution

Given: A(—15,—18) gﬁ(i’m' and (5,8)

\s«*
SlopeofAB = m = 7=(=18)

10— (=15)
_ 7418 25 _ [
10+15 25
Since required line is perpendicular to AB
Therefore slope of required line = L = —% =—1
m

Now equation of line having slope —1 through (5,-8)

y—(=8)=—1(x—5)
= y+8=—x+5
= x+y+8-5=0 = x+y+3=0
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€ Exercise 7.3 )

1. If the houses of two friends are represented by coordinates (2, 6) and (9, 12) on
a grid. Find the straight line distance between their houses if the grid units
represent kilometres?

Solution

distance = \/(Xz —X1)% + (V5 — y1)?
distance = /(9 — 2)2 + (12 — 6)2 = /(7)% + (6)% = V49 + 36
distance = v/85 ~ 9.22 km

2. Consider a straight trail (represented by coordithe plane) that starts at point
(5, 7) and ends at point (15, 3). What is the cgg@‘inate of the midpoint?

Solution C,;V

. e (X1tX2 YatYo O
Mid Point = ( i ) &

O\

: . _ (5415 743\ _ (20 10\ .

Mid Point = (—2 = ) = (2 s ;\\
i/\"

Mid Point = (10,5) QD

3. An architect is designﬁgg a park with two buildings located at (10, 8) and (4, 3)
on the grid. Calculate the straight-line distance between the buildings. Assume

the coordinates are in meters.
Solution

distance = \/(x, — X1)2 + (Y, — y1)?
distance = /(4 — 10)2 + (3 — 8)2 = \/(—6)% + (-=5)2 = V36 + 25
distance = V61 ~ 7.81 m
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4. A delivery driver needs to calculate the distance between two delivery
locations. One location is at (7, 2) and the other at (12, 10) on the city grid map,
where each unit represents kilometres. What is the distance between the two

locations?
Solution

distance = \/(x, — X1)2 + (y, — y1)?
distance = /(12 — 7)2 + (10 — 2)2 = \/(5)2 + (8)2 = V25 + 64
distance = v/89 ~ 9.43 km

5. The start and end points of a race track are given by coordinates (3, 9) and
(9, 13). What is the midpoint of the track.
Solution
Mid Point = (X122 Y1202) &
2 ' 2
&
id Point = (32 9+13) _ (12 22 o
MldPomt—(Z '’ 2 )_(2’2) R\
I o
Mid Point = (6,11) {\E:;,
: O\ :
6. The coordinates of two pom;ts}o\n a road are A(3, 4) and B(7, 10). Find the
midpoint of the road. N2
Solution

. ] X1 +X + ‘:::‘“
Mid Point = (172,3’12}'2)33\
. . 347 4410 10 14
Mid Point = (—,—) = (—,—)
2 2 27’2

Mid Point = (5,7)

7. A ship is navigating from port 4 located at (12° N, 65° W) to port B at
(20° N, 45° W). If the ship travels along the shortest path on the surface of the
Earth, calculate the straight line distance between the points.

Solution

distance = \/(xz —X1)%+ (7, — y1)?
distance = /(20 — 12)2 + (45 — 65)2 = \/(8)% + (—20)2 = /64 + 400
distance = V464 = V16 x 29 = 4429 ~ 21.5 unit
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8. Farah is fencing around a rectangular field with corners at (0,0), (0,5), (8, 5)
and (8, 0). How much fencing material will she need to cover the entire

perimeter of the field?
Solution (0,5) 4 (8,5)

Lengthofsidel=5—-0=5

Length of side2=8—-0 =8

Length of side3=5—-0=5

Length of side4 =8 —0 =8 (0,0) 2
Perimeter = Side 1 + Side 2 + Side 3 + Side 4

(8,0)

Perimeter =5+ 8 + 5+ 8 = 26 units

9. An airplane is flying from city X at (40° \}L 100 © W) to city ¥ at
N\

(50 ° N, 80° W). Use coordinate geometry,(¢alculate the shortest distance
N/
between these two cities. KZ%
Solution N
:*\\n/

distance = \/(x, — X1)2 + (v, — y1)? \\E:

distance = /(50 — 40)2 + (80 —/1;3)0)2 = /(=10)2 + (—20)2 = /100 + 400

distance = V500 ~ 22.4 unit R\ v

10.  Aland surveyor is matking out a rectangular plot of land with corners at (3, 1),
(3, 6), (8, 6), and (8,‘{3:);: Calculate the perimeter.

Solution
Lengthofsidel=6—-1=5
Length of side2=8—-3 =5 (3,6) 4 (8,6)

Lengthof side3=6—-1=5
Length of side4 =8—-3 =5

Perimeter = Side 1 + Side 2 + Side 3 + Side 4

(3,1) (8,1)

Perimeter =5+ 5+ 5+ 5 =20 units
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11. A landscaper needs to install a fence around a rectangular garden. The garden
has its corners at the coordinates: 4(0, 0), B(5, 0), C(5, 3), and D(0, 3). How
much fencing is required?

Solution

Solution

Lengthofsidel1=5—-0=5

Length of side 2 =3 — 0 = 3 (5,0 ¢ (5.3)
Length of side3=5—-0=5

Length of side4 =3 -0 =3

Perimeter = Side 1 + Side 2 + Side 3 + Side 4

Perimeter =5+ 3 + 5+ 3 = 16 units (O\\Ql 2 (©.3)
Q(REVIEW EXERCISE 7))
1. Four options are given agamkea\h statement. Encircle the correct option.
(1)  The equation of a stra1gl=gt fine in the slope-intercept form is written as:
(@ , y=mx+ C) (b)  y-yi=mlx-x1)
(c) —c+m)9 d ax+by+tc=0
(i) The I‘adlelltS of two parallel lines are:
(aﬁféqual (b) Zero

(c) negative reciprocals of each other  (d) always undefined
(111) If the product of the gradients of two lines is =1, then the lines are:

(a) Parallel (b) perpendicular
(c) Collinear (d) coincident
(iv) Distance between two points P(1, 2) and Q(4, 6) is:
@ V5 ® 6 © 3 @ 4

(v) The midpoint of a line segment with endpoints (-2, 4) and (6, —2) is:

(@) 42 (b) \/(2, 1) (© (1, 1) (d) (0,0
(vi) A line passing through points (1, 2) and (4, 5) 1s:

@Vy=x+1 (b) y=2x+3

(¢c) y=3x-2 (d) y=x+2
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(vil) The equation of a line in point-slope form is:

(@) y=mix+c) ()W y—y1=m(x—x)
(c) y=c+mx (d) ax+by+c=0
(viii) 2x + 3y — 6 = 0 in the slope-intercept form is:
(a)‘/y=£x+2 (b) y=2x—2
3 3
() y:§x+1 (d) y:_—zx—Z
(ix) The equation of a line in symmetric form is:
X, Y X=X Y= _2-Z%
—+==1 b + =
@) a b ©) 1 m 1
w) Zh-22A, (&) -y =ma-x)
cosq¢ sma . &
(x) The equation of a line in normal form is¢y
(a) y=mx-+c o) x v,
‘\\\' a b
{\\s./ .
() x-x _y-x P2 (d) \/ xcosa + ysina =p
cosa  sina t';\(\\\“

AV
2. Find the distance betwee}};tw% points A(2, 3) and B(7, 8) on a coordinate plane.

Solution

distance = \/(x; — X1)2 + (y, — y1)?

distance = /(7 — 2)2 + (8 —3)2 = /(5)%2 + (5)% = V25 + 25

distance = V50 = 5v2

3. Find the midpoint of the line segment joining the points (4, —2) and (-6, 3).

Solution
Mid Point = (X122, Y172)
2 7 2

Mid Point = (‘6”,2) - (‘—2,1)

2 2
Mid Point = (—1, )

N | =
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4. Calculate the gradient (slope) of the line passing through the points (1, 2) and
4, 6).

Solution
V2—V1 6—-2 4

Gradient(Slope) = e T3
%y _

5. Find the equation of the line in the form y = mx + ¢ that passes through the
points (3, 7) and (5, 11).

Solution
- 11-7 4
m — Yz yj‘ = —_ - 2
XZ_XI 5-3 2

Equation of line through (3,7):

y—y, =mx —xq)
y—7=2(x-3)

y—7=2x—6
y=2x+1 \'\
6. If two lines are parallel and one line has a gl;a,dient of E , what is the gradient
P &w}
of the other line? ‘\\‘ v
. m{\\s./

Solution 2O
\ V4

Gradient (Slope) of one line = m, _\2\\

For parallel lines m; = m, “\’ﬁ/

Gradient (Slope) of other Imgv« m, = %

7. An airplane needs to ﬂy from city 4 to coordinates (12, 5) to city B at
coordinates (8, —4). Calculate the straight-line distance between these two
cities.

Solution

distance = \/(XZ —X1)% + (y; —y1)?
distance = /(8 — 12)2 + (=4 — 5)2 = \/(—=4)? + (-9)2 = V16 + 81
distance = V97 ~ 9.85 units
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8. In a landscaping project, the path starts at (2, 3) and ends at (10, 7). Find the
midpoint.

Solution

Mid Point = (X1+X2 y””)
2 72

Mid Point = (1272 2:7) (22 19)
2 2 22

Mid Point = (6,5)

9. A drone is flying from point (2, 3) to point (10, 15) on the grid. Calculate the
gradient of the line along which the drone is flying and the total distance
travelled.

Solution

15-3 12 _ 3
Gradient(Slope) = 222 = =12_3
xp-x,  10-2 8 2

’\
distance = \/(x; — X1)2 + (y, — y1)? N
¢’

distance = /(10 — 2)2 + (15 — 3)2 = (8k:p(12)2 =64 + 144
distance = V208 = V16 X 13 = 4\/_\~/T4 4 units

10. For a line with a gradient of —g\a}ld a y-intercept of 2, write the equation of the
line 1n: 4 i/
(a) Slope- mtercep*]: form
(b) Pomt-slop‘e‘form using the point (1, 2)
(c) Two-point form using the points (1, 2) and (4, =7)
(d) Intercepts form
(e) Symmetric form
(D Normal form

Solution

(a) Slope-Intercept Form
y=mx+c,wherem=—-3andc=2

y=-3x+2
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(b) Point-Slope Form withm = -3, P(1, 2)

y =y =mx—x)
y—2=-3(x-1)

(c) Two-Point Form Using points (1, 2) and (4, —7)

_ —_Y2~y1 _
y-wn =1 G-x)

Y—Y1 — X—Xq1
Y2—Vy1 X2—X1
y—-2 _ x-1
-7-2 4—-1

(d) Intercept Form

y= —3X+ 2 7
y+3x=2 O
~0°
“t+z=1 A\
3 m{o\\s./
. ,.\&)
(e) Symmetric Form N
y=—3x+2 A
y+ 3Xx=2 ‘:;C*:E‘\;
Dividing +/(3)2 + (1)2 = v/10 on both sides
y 3x 2

o T Vo ~ V1o
(f) Normal Form

Slope = tana = —3

a =tan"1(-3) = —71.56°

X cos o+ y sin a=p where p =

o

X €0s(—71.56°) + ysin(—71.56°) = \/%
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Logic

{(_ _EXERCISES )

1. Four options are given against each statement. Encircle the correct option.
(1) Which of the following expressions is often related to inductive reasoning?
\/(a) based on repeated experiments (b) if and only if statements

(c¢) Statement is proven by a theorem (d) sted on general principles
(i1)  Which of the following sentences describeg\tggziuctive reasoning?

(a) general conclusions from a limited &flmber of observations
(b) based on repeated experimentséf;
(¢c) based on units of informati@{:?hat are accurate

%1) draw conclusion from ,\x{sﬁlknown facts

(i11)  Which one of the followi%"gté/tements is true?

(@)  The set of integ\ef‘@,"i’s finite
(b)  The sum of l;h;&i‘ﬂterior angles of any quadrilateral is always 180"

R Y
N

o 27—2E g v

(d)  Allisosceles triangles are equilateral triangles

(iv)  Which of the following statements is the best to represent the negation of
the statement "The stove is burning"?
) the stove is not burning.

(b)  the stove is dim
(c) the stove is turned to low heat
(d) it is both burning and not burning,
(v)  The conjunction of two statements p and g is true when:
(a) both p and ¢ are false. \('6) both p and ¢ are true.
(©) only ¢ is true. (d) only p is true
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(vi) A conditional is regarded as false only when:
) antecedent is true and consequent is false.
(b) consequent is true and antecedent is false.
(©) antecedent is true only.
(d) consequent is false only.

(vii) Contrapositive of ¢ — p is
(@ g—~p b)~qg—p \é{)~p—>~q (d)~g—~p
(vii1) The statement “Every integer greater than 2 is a sum of two prime numbers” 1s:
(c) axiom (d)
(ix) The statement "A straight line can be drawn between any two points” is :
\({) axiom (d)

(x) The statement "The sum of the interior angle of a triangle is 180°” is:

(a) theorem ) conjecture postulates

(a) theorem (b) conjecture logic

(a) converse \(6) theorem (©) ag{k)m (d)  conditional
AN
2. Write the converse, inverse and contraposi:[iﬁfe\'éf the following conditionals:
. . oD .
® ~p—>qg (@) gop W)Y ~p>~q (V) ~g-o~p
Solution K
Conditional Converse M Inverse Contra Positive
~p—q q-~p L Ip—-~q ~q>p
q—=p pP—=q ’3\:{"5‘ ~q=~p ~p = ~q
~p = ~q ~q 2P p—q q—p
~q=~p ~p—=~q q—=p p—=q
3. Write the truth table of the following
0  ~(pva)v(~q) () ~(~qv~p) (Gi) (pveg)<>(prqg)

Solution

3() ~(pva) v (~q)
p q ~q |pVq ~(pVa) ~(pvVaV(~q)
T T F T F F
T F T T F T
F T F T F F
F F T F T T
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3(ii) ~(~qV ~p)

p q ~p ~q (~qV ~p) ~(~qV ~p)
T T F F F T
T F F T T F
F T T F T F
F F T T T F

3(iii) (pvq) <« (pAQ)

p q |(pVva) (pAQ) (pvqg < (pAQg)
T T T T T
T F T F F
F T T F O F
F F F F O T
I
2
4. Differentiate between a mathematii@))\statement and its proof. Given two
examples. z}(f;
Solution
A "mathematical statement"* r‘éiply a declarative sentence that may be either

true or false but not both, Whlle i: athematical proof" is a logical argument that
demonstrates the truth of a m@’dﬂematlcal statement using established axioms and
theorems, effectively showhvg why a statement is true; essentially, a statement is
the claim itself, and a proof is the process of verifying that claim is true.

Examples of Mathematical Statement:

22
_E Qr R
7 Oc
; these are true statements
. =
3 4 8 ; Z = W these are false statements

Examples of Mathematical Proof:
If x is an odd integer, then x” is also an odd integer

The sum of two odd numbers i1s an even number
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5. What is the difference between an axiom and a theorem? Give examples of

each.
Solution: Theorem:

A theorem is a mathematical statement that has been proved true based on
previously known facts.

Example of Theorems:

Theorem: The sum of the interior angles of a quadrilateral is 360 degrees.
The Fundamental Theorem of Arithmetic: Every integer greater than 1 can
be uniquely expressed as a product of prime numbers up to the order of the
factors.

Fermat's Last Theorem: There are no three positive integers a, b, ¢, which
satisfy the equation a” + 5" = ¢”, where n € N and n > 2

Axiom:

An axiom is a mathematical statement that we believe tn(be true without any evidence
or requiring any proof. 00

Example Axioms: o

Axiom: Through a given point, infinitely m \"nes can pass.

Euclid Axioms: A straight line can be d&h between any two points.

Peano Axioms: Every natural numbeghas a successor, which is also a natural number.
Axiom of Extensionality: Two s§ks are equal if they have the same elements.

Axiom of Power Set: Any s\eﬁﬁas a set of all its subsets.

6. What is the importance of logical reasoning in mathematical proofs? Give an
example to illustrate your point.
Solution

Logic is a systematic method of reasoning that enable you to interpret the meaning
of statement, examine the truth of statements, and deduce new information from
existing facts. Logic play a key role in problem solving and decision making. We
generally use logic in our daily life and certainly while engaging in mathematics.
For example, we often draw general conclusions from a limited number of
observations or experiences. A person gets penicillin injection once or twice and
experiences reaction soon afterwards. He generalizes that he is allergic to
penicillin.
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7. Indicate whether it is an axiom, conjecture or theorem and explain your
reasoning.
(1) There is exactly one straight line through any two points.
(i)  Every even number greater than 2 can be written as the sum of two
prime numbers.”

(ii1)  The sum of the angles in a triangle is 180°.

Solution
7(1) There is exactly one straight line through any two points.

This statement is a Euclidean Axiom. And it is believe to be true without any
evidence or requiring any proof.
7(i1) Every even number greater than 2 can be written as the sum of two

prime numbers.

This statement is a Conjecture, specifically known as Goldbach s Conjecture.

And it has not been formally proven or disproven. ~}§\

7(iii) The sum of angles in a triangle is 180‘1\~ o

This statement is a Theorem. And it has beferrformally proven using established
§ $
axioms and definitions of geometry. \\\\ %
8. Formulate simple deduct’xy’é proofs for each of the following algebraic
expressions, prove that*the L.H.S is equal to the R.H.S:
(i) prove that(® — 4)2+ 9 = x2— 8x + 25
(ii)  prove that (x + 1) — (x — 1)> = 4x
(iii)  prove that (x + 5)*— (x — 5)> = 20x
Solution
Deductive Proof: L.H.S. = ......... (solve)
Conclusion: the L.H.S. is exactly same as the R.H.S.
8(H)L.H.S.= (x—4)>+9=x*-8x+16+9=x%>—-8x+25=R.H.S.
() L.H.S.=(x+1)2 —(x—1)?2?=((x?*+2x+1)—(x?—-2x+1)
=x>+2x+1—x*+2x—1=4x=R.H.S.

8(iii) L.H.S.= (x + 5)? — (x — 5)? = (x? + 10x + 25) — (x? — 10x + 25)
=x?+10x + 25— x?+10x — 25 =20x = R.H.S.
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9. Prove the following by justifying each step:

. 4+16x . 6x°+18x  2x
1) ——=1+4x (i1) > =
3x*—-27 x-3
(i) x2+7x+10_x+5
x*=3x—-10 x-5
Solution
()4+16x_ 1 + 4x
4+16x a 1
" ——X(4+16x) L =pxa
= i X (4% 1+ 4X4x) - multiplicative identity
1 Q
=X 4% (1+4x) ~ distributive Law <\
(\";)\»/
1
= (Z ) X (1 + 4x) assomatl\@,l_aw
=1x(1+4x) multlp\dbatlve inverse
\\ W
=1+ 4x mtﬁtlpllcatlve identity
2 \ .i/
(”) 6x“+18x _ 2x ,:\?;«
3x2-27  x-3 ‘:\:?I“
6x2+18x _ 6x(x+3) - . e .
2 " 309 - left distributive property
— _2xHs) -+ Factorization
(x=3)(x+3)
2x H
== -+ cancellation property
x2+7x+10 __xt5
(“ ) x2-3x-10 x-5
2
XA (xt+2)@+5) -+ Factorization
x%2-3x-10 (x+2)(x-5)
x+5 .
=— ~+ cancellation property
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10.  Suppose x is an integer. Then x is odd if and only if 9x + 4 is odd.

Solution

If x is odd, then 9x + 4 is odd

Let x be an odd integer. Then, x = 2k + 1 for some integer k.
OX+4=9(2k+1)+4=18k +9+4=18k + 13=2(%9%k +6) + 1

Since 9Kk + 6 is an integer, 2(9k + 6) + 1 is odd. Therefore, 9x + 4 is odd.
If 9x + 4 is odd, then x is odd

Let 9x + 4 be odd. Then, 9x + 4 = 2m + 1 for some integer m.
Ox=2m-3

X = (2m - 3)/9 <

\./

Since 2m - 3is odd, (2m - 3)/9 is either an mtegef;or a non-integer.

\/

X
If x is a non-integer, then 9x + 4 is not an ipteger, which contradicts the
assumption. Therefore, X must be an int\e@‘r
Xx=(2m-3)/9=2((m-1)/9)-1/3 (»(s/thce m is odd, m - 1 is even)
Since (m-1)/9 is an mteger X*ES odd

Therefore, if x is an mteger then x is odd if and only if 9x + 4 is odd.

11. Suppose x is an integer. If x is odd, then 7x + 5 is even.

Solution

Let x be an odd integer. Then, x = 2k + 1 for some integer k.
7x+5=72k+1)+5=14k+7+5=14k + 12 = 2(7k + 6)
Since 7k + 6 is an integer, 2(7k + 6) is even.

Therefore, 7x + 5 is even.
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12. Prove the following statements

(a) Ifxisan odd integer, then show that it x*> —4x+ 6is odd.
(b)  Ifxis an even integer then show that x* + 2x + 4 is even.
Solution

12(a) Let x be an odd integer. Then, x = 2k + 1 for some integer k.
X?-4x+6=(2k+1)*-4(2k +1) +6

=4k +4k+1-8k-4+6=4k?-4k + 3=4k(k - 1) +3 odd integer
Therefore, x* - 4x + 6 is odd.

12(b) Let x be an even integer. Then, x = 2k for some integer k.
x2+2x+4:(2k)2+2(2k)+4:4k2+4k+4:4(k22<K+ 1)

Since k2 + k + 1 is an integer, 4(k2+ k + 1) is evqnii’ﬁerefore, X2+ 2x + 4 is even.

w0’
.'Q”} '
13.  Prove that for any two non-empfy sets A and B, (4N B) = A UB'.
Solution \\\3“’
O
Letx € (A N B)' A7
N\

=>x6£(AﬂB)=>erAor>£§é‘*B=>xeA'orxeB'=>xeA'UB'
=>(ANB)SCAUB'................ (i)
Again, lety e A'U B’
>yeAoryeB' =>y¢eZAoryéB=>y¢(ANB)=ye(ANB)
>A'UB'SC(ANB)................ (i)
From (i) and (ii) we have

(ANB)Y=A'UB'
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14.  Ifx and y are positive real numbers and x* < y°then x < y.
Solution

Given: x2 < y?

Vaz < [y?

X<y

Therefore, if X2 <y? then x <y.

Note: This proof relies on the fact that the square root function is monotonically
increasing for positive real numbers.

15.  The sum of the interior angles of a triangle 1s 180°
Solution

Consider a AABC, as shown in the figure below. To prove the above property of
triangles, draw a line PQ parallel to the side BC of the given triangle.

P Q

A «“ A >

\\

O
©
B c B&R > C
Since PQ is a straight line, it ¢ah be concluded that:
ZPAB + /BAC + 2QAC =380° ......... (1)

Since PQ||BC and AB, AC are transversals,

Therefore, ZQAC = 2ACB (a pair of alternate angle)

Also, £PAB = 2CBA (a pair of alternate angle)
Substituting the value of ZQAC and PAB in equation (1),
£ACB + «BAC + CBA=180°

Thus, the sum of the interior angles of a triangle is 180°.
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16.  Ifa, b and ¢ are non-zero real numbers, prove that:
@ Z=foad=bc @® 2L (o L,8-47¢
b d b d bd b b b

Solution

a c
(a)gzaﬁad=bc
a_c
poa
> X bd = - X bd ~ left multiplication
b d .-
PRe ad = - X bc .+ assoclative property
1Xad =1Xbc ~+ identity
ad = bc

a c ac
(0) 32~ ba
ac Q)
b'd ~\
1 1 ~\J
=aX-.cX-= <O
b d Cn s
1 1 .. PR
=aX (—. c) X = - associative property’
b d ~O
1 1 . N
=aX (c.g) X commutatlvg\groperty
1 Y
=ac X — »+ associatiy %roperty
ac . ALY
= + multjplication property
\:j{:\\‘
a ¢ a+c N\
@3 t5=%
—_ + —_
b b
1 1 a 1
=aX-+cX- T—=aX-—
b 1 b b b
=(a+c)x - - distributive property
a+c . . .
== - multiplication property
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Similar Figures

1. Find whether the solids are similar. All
lengths are in cm.

Solution

4.5 7.5 6 N éQ)
>»_2_-2-1.5 N\
Hence given Figures are simila‘g@‘

Q
2. In triangle ABC, thé‘%des are given as

mAB = 6 cm, mBC = 9 cm and
mCA= 12 cm. In triangle DEF, the
sides are given as mDE = 10.5 cm,
mEF=15.75 cm, and mFD=21 cm.

Prove that the triangles are similar.

Solution

Ratio of corresponding sides are given as follows;

21 105 _ 15.75

12 6

Hence given triangles are similar.

{( EXERCISE 9.1 )

A2 75
> 5
6
4%
O

_ o _ N
Ratio of corresponding sides are given as fqﬁews;

F 15.75 cm E
>
') n
C 2{
9 cm C
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A
3 o E r
3. In the given figure @ ~ ADEF,
mAB = 12 = 20 cm and
mBC=16 EF, mDE=6cm. £ S
Find mD. mEF. B
Solution D
C 16 cm B

Since AABC ~ ADEF

Therefore corresponding sides have same ratio.

] mAB mB .. mAB mA
USIﬂg —_— = —— Slmllarly —_— = —
mDE MmEF mDE mDF
12 _ 1o 2 _ 20
6  mEF 6 mDF ,.’\\
FE — DEF = A\
mEF = 8cm mDF = 10cm e
¢

69 -
Qs
4. Find the value of x in each of the foyl(lgﬁ'ﬁg:

Solution

4(i) since figures are similar, therefore

7.5 X 7.5
—=—ox=—X1.2=>x=3cm
3 1.2 3

4(ii) since figures are similar, therefore

8+3 6+ 11
T:Tx:6+x=?x6=>x=2.25cm

A(iii) since figures are similar, therefore

x 2.5 2.5
—=—=x=—X21=>x=219cm
21 24 2.4
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5. A plank is placed straight upstairs that 20 cm wide (]
and 16 cm deep. A rectangular box of height 8 cm
and width x cm is placed on a stair under the plank. I~ — E
Find the value of x. g B
v
K 20 cm >
Solution N
In AABC ~ AAFD |
BC_AB L1820 4 AF =10 cm I
DF AF 8 AF |
Since AB = AF + FB
= 20=10+FB = FB = 10cm
= x = 10cm ~ DE = FB
6. A man who is 1.8 m tall casts a shadow of a 0.76 m in length. If at the same
time a telephone pole costs a 3 m shadow, find th;\height of the pole.
Solution \S\\ 7 - 4/ -
Since figures are similar, therefore O VALERYAEY
~— =l ox=—x183x=711 R o A B
076 18 X—RX o=2Xx=/.11m {@« E 3.‘ ey
h {\\s./ A
3 %, 56?&
7. Find the values of x, y and z in\téi@’given figure. D
O
N :
N\ 2
¢~§‘ NS y X
B Z
Solution

In AABC ~ AABD

282 5 0 X 6x+36 =100 x = 102cm = 10.667cm
AD AB 6 10 3

In AABD using Pythagoras Theorem

H?> =P?2+B?> (10)?=(6)?+y?=>100=36+y? >y =64 >y =8cm
In AABC we have Hyp = AC = x+ 6 = AC = 10.667 + 6 = AC = 16.667cm
In AABC using Pythagoras Theorem

H? = P2 4+ B2 = (16.667)% = (10)2 + z2 = 277.778 = 100 + 22

= 72 = 177.778 = z = 13 cm = 13.334cm
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8. Draw an isosceles trapezoid ABCD where AB I CD and mAB>mCD . Draw

diagonals AC and BD, intersecting at E. Prove that A4ABFE is similar to ACDE.

If mAB =8 cm, mCD =4 cm, and mAE =3 cm, find the length of CE.
Solution

Given that AABE ~ ACDE Rdem o

AB _ AE
CD CE
8 3
=>-==
4 x

=>x=15cm A

o 1
9. A regular dodecagon has its side lengths decreased by a factor of — . If the

> N

perimeter of the original dodecagon is 72 cm,What is the side length of scaled

&

dodecagon? & hy

Solution S
. . . . {\\s./
Dodecagon is 12 sided figure. \&
RS

Perimeter = 72cm 2

Since perimeter is sum of all sides, so let x is length of sides, then

N
X+X+x+... 12 times = 724"

£
12x =72 / \

X = 6cm [\ ‘\
after — decrease it becomes \ /
V2 S
Scaled side length = S’ = x X — §-_2_%_\
=5 =xx7 / \/
" — 1_6 . Y2_6J2 _
S—6xﬁ—ﬁxﬁ—2—3\/§cm { //
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{(_ EXERCISE9.2 D

1. Find the ratio of the areas of similar figures if the ratio of their corresponding
lengths are: (1) 1:3 (i) 3:4 (iii) 2:7 (1v) 8:9 (v)6:5
Solution
1\% 1
1(i): 2 (2) =(5) =5=40:4,=1:9
2 3\ 2
1(ii): 2 = (lz) = (Z) =2 = A;:4; =9:16
..._A1_112_22_4 o
1(|||). Z = (Z) = (;) = E = AI'AZ = 4:49
AL (L2 [8)\% _ 64 /\
1(iv): 3 = (Z) =) ==>4:4, =64 81 ¢
10 = () = (O =25 4,14 m?
() (12) _(E) T 25 L 2_‘6‘
2. Find the unknowns in the follou@ figures:
1 L] F ,«’Lﬁ
s A,=2.
A, =240 cm ON?
1 X [
] = ‘f:;%‘cm
10 cm
Solution
2 2
A (l—l) =220 (2) =20 10, 4 = 2930y 4, = 86.4cm?
A ) Ay 6 A, 36 100
2. Find the unknowns in the following figures:
(i1)
A, =60 cm’
15 cm
Solution
2 2
B () S () 02 000 g6 g7em?
Ay I, Ay 20 A, 400 225
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2. Find the unknowns in the following figures:
(111)
\ 4,=7 / / A,=18cm’ \
3.6 cm 5.76 cm
Solution
2 2
A l A 3.6 A 12.96 12.96x18
Lo () s2=(22) 5% = 22998 o 4, =7.03125cm?
A, L, 18 5.76 18  33.1776 33.1776
2. Find the unknowns in the following figures:
(iv)

N\
N\
po \oo/
Koo
S N
Solution
Ay L\2 A 15\%2 4, 0 225x96 9
_=(_) =>_=(_) >4 28V, 4 = = A; = 150cm
A, I, 9% 12 96 \144 144
N .
2. Find the unknowns in{ﬂie following figures:
(v)

A4,=63 cm’

Solution

Ay =32=357,4;, = 63,1, = 3,1, =

2_; = (1—1)2 =27 = (li)2 = 0.0587 = (13)2 = 0.239 = li > I, = ——= I, = 12.55cm?
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3. Given that area of AABC = 36 cm’ and

mAB = 6 cm, A
mBD=4 cm . Find
B > C
(a) the area of AADE
(b) the area of S
D E

trapezium BCED

Solution

(a) the area of AADE

_ _ . QS
l; =mAB = 6cm,l, = mAD = mAB + mBD = g:jh + 4cm = 10cm

_ 2 _ C&}‘
A; = 36cm“ A4, =? \«,
2 2 {\‘ ™
A l 36 6 36 36 36><100
Ay Iy Ay 10 Ay ~ 100 '\
N

(b) the area qﬂ%apcaum BCED

Area of trapezium BCED Aﬁea of AADE — Area of AABC
Area of trapezium BCED = 100 — 36
Area of trapezium BCED = 64cm?

4. Given that AABC and ADEF are similar, with a scale factor of £ = 3. If the area
of AABC is 50 cm?, find the area of triangle ADEF?

Solution
Scale Factor =k = 3 : Area of AABC = 50cm?
Using formula; 2e22faDEF _ 2

Area of AABC

Area of ADEF = (Area of AABC ) (k?) = (50)(32) = (50)(9)
Area of ADEF = 450cm?
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5. Quadrilaterals ABCD and EFGH are similar, with a scale factor of k= i If

the area of quadrilateral ABCD is 64 cm?, find the area of quadrilateral EFGH.
Solution

Scale Factor =k = i ; Area of Quadrilateral ABCD = 64cm?

Area of Quadrilateral EFGH
Area of Quadrilateral ABCD

Area of Quadrilateral EFGH = (Area of Quadrilateral ABCD)(k?)

— K2

Using formula:

: 1\2 1 2
Area of Quadrilateral EFGH = (64 ) (Z) = (64) (E) = 4cm

6. The areas of two similar triangles are 16 cm? and 25 cm?. What is the ratio of a
pair of corresponding sides? A
Solution O
;3 )
L) _ A (1_1)2_2 b (164 _ gy
(12) _A2=> L _25=>12_ 25=> _\wll l; =4:5
o
7. The areas of two similar trlangles\‘afe 144 cm? and 81 cm?. If the base of the
large triangle is 30 cm, find thQ\éorrespondmg base of the smaller triangle.
Solution N
We have to find here [,.

2 2 o83
Ao () s 2= () 3T =2s,=22s1, =225
A, L 81 L 9 I 12
8. A regular heptagon is inscribed in a larger regular heptagon and each side of
the larger heptagon is 1.7 times the side of the smaller heptagon. If the area of
the smaller heptagon is known to be 100 cm?, find the area of the larger

heptagon.
Solution
Scale Factor=k=1.7 ; Area smaller heptagon = 100cm?

. Area larger heptagon
Using formula: 87 °PA82T — k2
Area smaller heptagon

Area larger heptagon = (Area smaller heptagon)(k?)
Area larger heptagon = (100 )(1.7)? = (100 )(2.89) = 289cm?
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{( EXERCISE9.3 D

1. The radii of two spheres are in the ratio 3 : 4. What is the ratio of their
volumes?
Solution
nomyY ooV ohoz
VZ_(TZ) j"Vz_(zt) :>V2_64=>V1 Vz =27:64
2. Two regular tetrahedrons have volumes in the ratio 8 : 27. What is the ratio of
their sides?
Solution
noo () o8 () L s 3 2 by, =2
v, (lz) T (lz) =z~ (12) =3 :ll'lz =2:3
3. Two right cones have volumes in the ratio 6@ 125. What is the ratio of:
_ (a) their heights (b) their ba&s};\rr)eas‘?
Solution .‘\Q’

(a) 2 (2) ﬁﬁz(:_:) 31624%“'( ) :>§=Z_::>h1:h2=4:5

(b) 2 - ( 2) = ;‘: - (5) Aﬁ‘“zs = A,;:A, = 16:25

4. Find the mlssmg value in the following similar solids.
()
V,=? =1536 cm’
Solution
n_(WYom ey m Y nm
v, (lz) = 1536 (16) = 1536 (4) = 1536 64
1536%x27
—1 V1 = o4

=V, = 648cm3
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4, Find the missing value in the following similar solids.
(ii) Y
N
E
= e
B3 /‘\ |
N~
V, =7 V,=171.5 cm’
Solution

A hi\3 A 2513 A 15.625
v, h, 171.5 8.75 1715 669.921

15.625X171.5

>V, =
669.921
=V, = 4cm3
4, Find the missing value in the fol{@win g similar solids.
(iif) o
4, =392 e’ @ o
V=2 &
| A4,=162 cm’ {‘{\
V=729 e’ O
. QO
Solution A0
2 \ ‘i/
Using formula: 2 = k QO
Az
=2 = k? > k? - 242085k = 1.56

Again using formula: A3

Va

= (1.56)3 = V, = (729)(3.80) = V,; ~ 2744cm3

729
Find the missing value in the following similar solids.

(]V). .

Solution

3
V- T 3 64— T 4X12
2 = (—1) = — = 1 —_ :} 1 =
Vv, ) 216 216 12 6

=>1r; =8cm
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5. The ratio of the corresponding lengths of two similar canonical cans is 3 : 2.
(1) The larger canonical can have surface area of 96 m%. Find the surface
area of the smaller canonical can.
(ii)  The smaller canonical can have a volume of 240 . Find the volume
of larger canonical can.

Solution
A _ ()* 496 _ (3)" %6 _ 9 _ 96x4 _ 2
@%2=()=2=0) 2F=724=""54,=4267m

3 3

V- l V; 3 V 27 240%27

(b) = (—1) =>—1=(-) >—===V = :>V1=8107m3
v, Iy 240 2 240 8 8

6. The ratio of the heights of two similar cylindrical water tanks is 5 : 3.
(1) [f the surface area of the larger tank is 250 square metres, find the

surface area of the smaller tank. {{\
(ii) [f the volume of the smaller tank is 2<2§}}cubic metres, find the volume
of the larger tank. o9’
Solution 1\
A _ () 250 20 _ 2509 — o0m?
(@) Ay (hz) = A, (3) \: %5 4; = 25 = 4; =90m
Moo () o (Y o e 128 Ly, _ 270125 _ 3
(b) v, (hz) =270 (3) :“E%S/_ 27 i = 7 Vi =1250m
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¢ EXERCISEY.4 )

1. (1) What is the sum of the interior angles of a decagon (10-sided polygon)?
(1) Calculate the measure of each interior angle of a regular hexagon.
(111)  What 1s each exterior angle of a regular pentagon?

(iv)  If the sum of the interior angles of a polygon is 1260°, how many sides

does the polygon have?
Solution

(i) Sum of the Interior Angle = (n — 2) x 180° = (10 — 2) X 180° = 8 x 180° = 1440°
Sum of the Interior Angle _ (n—2)Xx180° _ (6—2)x180° 120°

(if) Measure of the Interior Angle = -

n
(iii) Measure of each Exerior Angle = 360 3650 = 72°
(iv) Sum of the Interior Angle of Pol on =(n—2)X%. 80°
g yg
1260°

= 1260° = (n—2) X 180° = prvaini i 2= 7;}1})— 2=>n=9
2. Ina parallelogram ABCD, mAB —10’sm mAD=6 cm and mLBAD = 45°.
Calcu]atc the area of ABCD. \”?W
Solution :\\\\\' c

Given ABCD is a parallelogram. 40

Also mAB = 10cm, mAD = 6cm, m«sBAD = 45°
Area of parallelogram ABCD~1 ‘Base X < Height
Area of parallelogram ABCD= 4B x ED

Area of parallelogram ABCD= AB x ADsin6 10
Area of parallelogram ABCD= 10 X 6sin45°

Area of parallelogram ABCD= 42.43cm?

3. In a parallelogram ABCD if m<D AB =70°, find the measures of all other angles

in the parallelogram. D ‘ C
Solution
m«DAB = 70°

m«£DAB = m«BCD = 70° --opposite angles of [lgram
m<DAB + mzABC = 180° -+ AD || BC 70;,

70° + m£ABC = 180° : .
mzABC = 110° A B
also m«CDA = 110° + Am£ABC = m«CDA
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4. A shape 1s created by cutting a square in half diagonally and then attaching a
right-angled triangle to the hypotenuse of each half. Explain why this shape can
tessellate and calculate the interior angle of the new shape.

Solution

The new shape can tessellate because it is composed of
triangles which are inherently able to tessellate when
arranged approximately that they fit together perfectly
without gaps.

Also, the sum of interior angles is 360°.

Explanation

The new shape can tessellate because it is composed of triangles which are inherently
able to tessellate when arranged approximately.

The original square when certain half diagonally, forms two congruent right angled
triangles. Q

Attaching right angled triangles to the hypotenuse o{ ihese two halves does not change
their overall symmetry. The new shape remains g ometrically compatible with
tessellation because the triangles angles ensur\e;ﬂﬂat they fit together perfectly without
gaps. N

Interior angles of the new shape \Q )

The sum of interior angles of a hexa§n is (6 - 2) x 180° = 720°.

Since the shape is composed of twa | entical parts, the sum of interior angles of one
part is 720° + 2 = 360°. A\ X

Since the shape has 6 sides, Ihemterlor angle of the new shape is 360° + 6 = 60° (for
the equilateral triangle) and"120° (for the isosceles triangle).

5. A tessellation is created by repeatedly reflecting a basic shape. The basic shape
is a right-angled triangle with sides of length 3, 4, and 5 units. Find: The
minimum number of reflections needed to create a tessellation that covers a
square with an area of 3600 square units.

Solution
Avrea of triangle = % X Base X Height

Area of triangle = % X 3 X 4 = 6 units

. f 3600
Number of triangles = ————12°_ = 600

area of triangles 6

So 600 reflections needed to cover the square.
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6. A tessellation is created using regular hexagons. Each hexagon has a side length
of 5 cm. Find the total area of the tessellation if it consists of 25 hexagons and
total perimeter of the outer edge of the tessellation, assuming it's a perfect

hexagon.

Solution

Area of hexagon = :ﬁaz = 32£ X 52 = 32£ X 25 = 64.95cm?

Area of 25 hexagon = 64.95 X 25 = 1623.75cm?

Perimeter = 6 X (5 X 5) = 6 X 25 = 150cm

Note:

length of 1 side is 5 X 5 since each side consists of 5 hexagons

7. A rectangular floor is 12 m by 15 m. How many square tiles, each 1 m by 1 m,
are needed to cover the floor?

Solution Q

Number of tiles = a::i?zgz(t’;e =22 = ljfnf;z\iﬁ%o tiles

8. A rectangular wall is 10 m tall and 1:§i;h\§;ride. How many gallons of paint are
needed to cover the wall, if one gglli”éh covers 35 m??

Solution AN

Number of gallons = arces‘:’efr;egi?éi}z:f“ = 12:;2 = ;igzz = 0.343 gallons

9. A rectangular wall h‘;‘s“a length of 10 m and a width of 4 meters. If 1 litre of

paint covers 7 m?, how many liters of paint are needed to cover the wall?

Solution
] f th 11 10X4  40m? ]
Paint needed = 222> ¢4 _ == — 571~ 6 liters

paint per liter 7 7m?2

10. A window has a trapezoidal shape with parallel sides of 3 m and 1.5 m and a
height of 2 m. Find the area of the window.
Solution

Area of trapezoidal = 3+1.5

2

sum of parallel sides

X 2 = 4.5m?

X height =
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1. Four options are given against each statement. Encircle the correct one.

@

(i)

(iii)

(iv)

™)

(vi)

(vii)

(viii)

If two polygons are similar, then:

(a) \/ their corresponding angles are equal.
(b)  their areas are equal.

() their volumes are equal.

(d their corresponding sides are equal.

The ratio of the areas of two similar polygons is:

(a) equal to the ratio of their perimeters.

(b) equal to the square of the ratio of their corresponding sides.
(©) equal to the cube of the ratio of their corresponding sides.
(d) equal to the sum of their correspondeg\SIdes

If the volume of two similar solids 1s 125\01113 and 27 cm?, the ratio of their

corresponding heights 1§ ----------- . \\ ,V}

(a) 35 bV 53 /\* 7 (c) 25:9 (d) 9:25
The exterior angle of regular, ﬁ‘&n’tagon 1s:

(a 40° (b) \45" (c) 60° (d)\/ 72°

A parallelogram has an afr’ea of 64 cm? and a similar parallelogram has an
area of 144 cm? ,I*f a side of the smaller parallelogram is 8 cm, the
corresponding sids' of the larger parallelogram is:

(@) 10cm (b) 12 cm OV 18em () 16cm
The total number of diagonals in a polygon with 9 sides is:

(a) 18 (b)) 21 (c) 25 (d) \/ 27
Two spheres are similar, and their radii are in the ratio 4:5. If the surface
area of the larger sphere is 500 cm?, what 1s the surface area of the smaller
sphere?

(a) 256mcm? (b) 320w cm?® (o)\/ 400m cm*  (d) 4057w cm?
A regular polygon has an exterior angle of 30°. How many diagonals does
the Polygon have?

(aV 54 (b) 90 (c) 72 (d) 108
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(ix)  Inaregular hexagon, the ratio of the length of a diagonal to the side length
is:

(@ 3:1 oV 2:1 () 3:2 @ 2:3

(x) A regular polygon has an interior angle of 165°. How many sides does it

have?
(@ 15 (b) 16 (©) 20 M’f 24
2. If the sum of the interior angles of a polygon is 1080°, how many sides does the
polygon has?
Solution

Sum of the Interior Angle of Polygon = (n — 2) x 180°

=>1080°=(n—2)><180°=>1°880‘1°_n—2=>6=n—2=>n=
N
3. Two similar bottles are such that one is twicq}ts’ high as the other. What 1s the

ratio of their surface areas and their cap\esftiés‘?
N
Solutlon &

@ & - = (1) 58 (ii)z - (2)2 <P A, = 1

0 b= =L=() =2 apiry =0

1

4. Each dimension of a m@ﬁel car 1s 0 of the corresponding car dimension. Find

the ratio of:

(a) the areas of their windscreens  (b) the capacities of their boots

(c) the widths of the cars (d) the number of wheels they have.
Solution

_ A _ (L) 2 L _ 1.
(a) - (12) = Ay (10) =0 A;::4; = 1:100

(b) 2= (2) = Z—: - (1—10)3 —— = Vy:V; = 1:1000

(C) Z=1_0$lllz=110

(d) ratio of wheels of car = % = %
= ratio of number of wheels of car = 1: 1
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5. Three similar jugs have heights 8 cm, 12 cm and 16 ¢m. If the smallest jug holds

l .. g
5 litre, find the capacities of the other two.

Solution )

1
() 1 = (2—)3 > = (%)3 — (3)3 s L=roV, =20V, =1.69liter
O b= =5=(2)' =) = () 2 f =t =20 s v, = 4liter

6. Three similar drinking glasses have heights 7.5 cm, 9 cm and 10.5 cm. If the
tallest glass holds 343 millilitres, find the capacities of the other two.
Solution

3 A 7.5\3 1.5\3 v 3.375 3.375%0.343
(a) = f— = |— = |— = == V1 =
V3 h3 0.343 10.5 2.1 0.343  9.261 9.261

= V1 = 0.125 liter = 125 mL

0 2= () 5t o (L) 5t o 12 gy oot
Vs hs 0.343 10.5 0.343  1157.625 1157.625
=V, =0.216 liter = 216 mL K=
.‘\\‘ 7
7. A toy manufacturer produces model Gats which are similar in every way to the

actual cars. If the ratio of the doo\t\area of the model to the door area of the car

1s 1 cm to 2500 cm, find: f\\

(a) the ratio of their lqn‘gi'ﬁs

(b)  theratio of the c‘apamtles of their petrol tanks

(c) the width of the model, if the actual car is 150 cm wide

(d) the arca of the rear window of the actual car if the area of the rear
window of the model is 3 cm?.

Solution
Ao (b)Y o Lo (1) s o (B s iobogg, =1
(a)A_z_(Z) :ﬁ_(lz) = 7500 (12) :50_12:)11'12_1'50
B () Sl (L) o L .V, =1:
(b) VZ_(ZZ) =>V2_(50) = Tzs000 = V1:V2 = 1:125000
w l w 1 150
(c)W—:=E:ﬁ=§:}w1=5—=>w1=3cm
A () o3 (L) o3 1
(d) Z_(l2 =>A2_(50) :>A2_2500=>A2—3><2500=>A2—7500cm
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8. The ratio of the areas of two similar labels on two similar jars of coffee is
144 : 169. Find the ratio of
() the heights of the two jars (b) their capacities.

Solution

Ay h\2 144 hi)2 ,144 , h\2 12 hy h.: | )
(a) A, (hz) 169 (hz) 169 (hz) 13 hy 1y =12:13
vi _ (ha\® __vi (123 _ 1728 v .
() 3, = (h_z) M (E) = o197 = V1iV2 = 1728:2197

9. A tessellation of tiles on a floor has been made
using a repeating pattern of a regular hexagon,
six squares and six equilateral triangles. Find
the total arca of a single pattern with side

length % metre of each polygon.

Solution x<
The pattern will be 12 sided regular ponngGZ)odecagon)

Area of Dodecagon = 3(2 +v3)a? . 3¢
Area of Dodecagon = 3(2 + v/3) g@)z

Area of Dodecagon = 3(2 + @)x %
Area of Dodecagon = 2.8m%"
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Graphs of Functions /

{( EXERCISE 10.1 ))

1. Sketch the graph of the following linear functions:
(1) y=3x-35 (i) y=-2x+8
(1)) y=05x-1
o
Solution O
_ &
(i) O
X -2 |40 |1 |23
y =3x-5|-181-8|-5|-2|1/4
A0
&
Q) y=3x-35
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2. Plot the graph of the following quadratic and cubic functions:
(i) y=x*+2x*-5x-6;-3.5<x<25 () y=x*+x-2
(i) y=x’+3x*+2x 2.55x<0.5 (iv) y=5x*-2x-3
Solution
(i)
X|-3.5 [-3|-2/-1/0 |1 2|25
y|-6.88/0 (4 |0 |-6|-8|0/9.63
- (@ y=xX+2-5x-6
T R B Y ST
| 8
______I__ﬁ___

|
|
2
X /\ |
. 501 .
Ii'

-35 A -2l -2 -115 -I\0
|

(i) NS

X
~
I
Y
N
I
=
o
=
N
w
N

y=x+x-2
7|7,10‘“}’i77'7i7
_\__ N B/
6
\ 4 /
2
CAA\ x
TN T
__I‘%_____
—4
-6
=R
I el 240 O O

Visit us @ YouTube “Learning with Usman Hamid”



194

(iii)

X|-25 |-2|-15 |-1|-0.5 |0]/0.5 |1

y[-1.875|0 |0.375|0 |-0.375/0/1.875|6

(iii) y=x 438 +2x
IOJL],:
N R R Y R
LA
ERENWAR
X L || x
"3 253 _15-1 o5 0] 05 P15 2 257
S S S E— :2 SN I S S —
AT T
ginaan-RREYSE
N
, <\
T T T Lo
c:?‘
iv <
(iv) &
X|-2 |-240 [1]2

EEEERGE AN

EEEERNE AN

—5—4—3—2|—\g 23 45
BE RN
I ]
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Solution

(i)

195

Plot the graph of the following functions:

1
i y=4 (i) y=57 (iii) y=—3x¢3
x_
y) 1 1
(iv) y=—-+3,x#0 (V) y=x? (vi) y=3x?
X
(vii) y:23c_2
X[-3 |-2
y|0.02/0.06
A
K¢
N
‘35;‘%
X' X
& O 0 b
6 -5 -4 -3 -2 4
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(i)
X-3 [-2/-1/0/1 |2 3
y|1125125/5 [1/0.2/0.04/0.008
Graph of y =5~
ty
70
60
50
40
30
20
10
3 2 -1 0 1 2 3'@)“’5 6
(iii) f\{
x[-2 [-1 [0S1 [2]4]5
y|-0.2 -0.23590.3 -05/-1/1]0.5

\I.ferhcai
| Asymptote

10

8

6

—4

2.
_10-8 -6 -4 2 © 4 678 10
——Horizolntal

2

4 |

6 _| Asymptote
8
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(iv)
X -3 |-2|-1/1/2]3
y 232 |15/4|3.7

y=2+3
10|
H =
.Rz 2 4 6 810
 EEEEP
O
o
O
v) )
x|0/1]2 43 |4/5 |6
y 0]184]17]2[22]24
‘\‘s};\x
y=x
10|
-8
6
—4
e
EEEEEEN]
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(vi)
x/-110/1/2 |3 |4
y|-3/0/3(3.6/4.2/4.5
y=3xjl
101
8
6
/1 _""..‘P.-
BEEEN >3
| |
T LSS
8 é’:?:}
Lo}y
S
(vii) A&\é@
X[-2 |-1.5]|-1/%0.5/0.5/1|1.5 |2
y|05/09 [2°/8 [8 [2/09 |05
‘\%‘
y=2"
5y
k|
ipf
1p
8
ol
ne
X |_2_ X
3 2 10 1 2 3 4
9
_4 r
‘ry
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¢ EXERCISE10.2 )

1. Plot the graph of y = 2x? — 4x +3 forx from =] to 3. Draw tangent at (2, 3) and find
the gradient.

Solution

X|-1/-0.5/0]0.5/1/15 2.5
y|9 |55 |3/15/1/15]|3 5.5 |9

Consider (2.5,5.5)&(1.5,1.5)

N
w

) 5-55  —

Gradient = 15_2 = _—;}

Gradient = 4 )
Graph

4 -3 -2-10 1 2 3 4 5 6
Gradient =4
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2. Plot the graph of y = 3x* + x +1 and draw tangent at (1, 5). Also find gradient
of the tangent line at this point.

Solution

x/-1/-05|0(05 |1 1.5

y|3 1125/1225 |5 [9.25
Consider (1.5,8.5)&(0.5,1.5)
Gradient = 2722 = =7

05-15 -1

Gradient = 7
Graph

X
4
—2-15-1-05 0/0.5 1 1.5 2

X

=6

1!'
v

Gradient =7
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3. The strength of students in a school was 1000 in 2016. If the strength decay
according to the equation S = 1000 ¢, where S is the number of students at
time ¢,

(a) Graph the given equation for =0 (in 2016) to £ =9 (in 2025).
(b) From the graph, estimate the student’s strength in 2019 and in 2023.

Solution

x| 0 1 2 |3 4 3) 6 |7 8 9

y|1000 /368 [135(50 (18 |7 |2 (09 |0.3 |0.1

y=100e"
A
/\\

1200 »
1000
300
600
400
200

0 - * >— »

2016 2017 2018 2019 2020 2021 2022 2023 2024 2025

(b) From the graph, students’ strength in 2019 is
approximately 50, and in 2023 approximately 1.
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4, The demand and supply functions for a product are given by the equations
Pi=400-50, Ps=30 + 24:

Plot the graph of each function over the interval O = 0 to O = 300.
Solution

P, = 400 — 5Q

Q|0 50 |100 |150 |200 |250 |300
P4 400 150 -100 |-350 |-600 |-850 |-1100

P, = 3Q + 24

Q|0 |50 [100 |150 200|250 |300
P,|24 [174[324 (474 624|774 |924

Graph

0
B
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5. Shahid’s salary S(x) in rupees is based on the following formula:
S(x) = 45000 + 4500x,

where x 1s the number of years he has been with the company. Sketch and
interpret the graph of salary function for 0 <x <5.
Solution

S |0 1 2 3 4 5
S(x) | 45000 | 49500 | 54000 | 58500 | 63000 | 67500

Graph

S(x) = 45000 + 4500x

!
100000
80000
60000
40000

20000

v~

Shahid’s salary increases linearly with years of
service and rises by Rs. 4500 for every year.
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6. A company manufactures school bags. The cost function of producing x bags is
C(x) =1200+ 20 x and the revenue from selling x bags is R(x) = 50x.
(a) Find the break-even point.
(b) Determine the profit or loss when 250 bags are sold.
(©) Plot the graphs of both the functions and identify the break-even point.
Solution

(a) The break — even point

The break — even point occur when R(x) = C(X)
50x = 1200 + 20x

50x — 20x = 1200

30x = 1200

X = 40 bags

(b) Profit or Loss after Sale

P(x) = R(x) — C(x)

P(x) =50x — 1200 — 20x M\jl\{\
P(x) = 30x — 1200 o’
P(250) = 30(250) — 1200 “\:;;;9
Profit = Rs. 6300 O
X
(c) Graph :\\\\
x |0 |30 |60790 [120 [150 |180 |210
C(x)| 1200 | 1800 | 2400 | 3000 | 3600 4200 |4800 5400
R(X) |0 1500 | 3000 |4500 | 6000 | 7500 [9000| 10500
+)
4000 Break-even point £ QX
3000 \ RO~
2000 o100+ 2
1000
X
0f 10 20 30 40 50 60 Te’[f}.lr
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7. A newspaper agency fixed cost of Rs. 70 per edition and marginal printing and
distribution costs of Rs. 40 per copy. Profit function is p(x) = 10 x — 70, where
x is the number of newspapers. Plot the graph and find profit for 500
newspapers.
Solution
X 6 I 8 10
P(x)[-10 [0 [10 [30

P(500) = 10(500) — 70 = 5000 — 70 = 4930

Graph

100
30
60
40
20

A b%

X

o 2 4

8 10 12 14 16

Profit for 500 newspapers = Rs. 4930
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8. Ali manufactures expensive shirts for sale to a school. Its cost (in rupees) for x
shirts is C(x) = 1500 + 10x + 0.2x%, 0 <x < 150. Plot the graph and find the cost
of 200 shirts.

Solution

x |0 |50 [100 |150 200
P(x) | 1500 | 2500 | 4500 | 7500 | 11500

C(x) = 1500 + 10x + 0.2x>

C(200) = 1500 + 10(200) + 0.2(200)?
C(200) = 1500 + 2000 + 8000

C(200) = 11500

Graph
{.’\\
C(x) = 1500 + 10x + 0.2x° O

AV
20000 5?3
18000 ;§>
16000 g
14000 &
12000
10000
8000

6000

4000

2000

X
>

0] 100 200300 400
Cost of 200 shirts = Rs. 11500
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@ REVIEW EXERCISE 10)p

Four options are given against each statement. Encircle the correct option.

(i) x =5 represents:

(a) x-axis (b) y-axis

(¢) line || to x-axis (&/ line || to y-axis
(i) Slope of the line y = 5x + 3 is:

@ 3 ®) -3 & s @ -5
(iii) The y- intercepts of y = —2x —1 is:

(@) —2 (b)) 2

of -1 @ &1

e }../

(iv) The graph of y = x°, cuts the x-axis at: ¢, &

x=0 b) x=1 ¢ x=—1 (d x=2
{\\n/
(v) The graph of 3* represents: \\:z
growth (b) dﬁcay (c) both(a)and(b) (d)  aline
AV
v

(vi) The graph of y = —xz’j;;’is""’(‘)pens:
(a) upward {ii/ downward (c¢) left side (d) right side
(vii) The graph of y = x> — 9 opens:
upward (b) downward (c) left side (d) rightside
(viii) y = 5 is function.
(a) linear (b)  quadratic () cubic (d{ exponential

(ix) Reciprocal function is:

2
@ y=7 Wy © e @ s
(x) y=-3x+7 is function.
(a) exponential (V( cubic (c) linear (d) reciprocal
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2. Plot the graph of the following functions:
. . 2
(i) y=3"forx from-2to4 i) y= I S # 0
Solution
— X X y=2/IX
); ) _93 -3 -2/3
-2 -1
-1 3
-1 -2
0 1
1 033 -05 -4
2 0.11 02 -10
| 0.2 10
3 0.04 iy p
4 0.01 :
6\(\1 2
%9 2 1
3 ) 3 213
O
& o
\ Jhy
: \/\ —_— 1.0 I
9‘_}‘ | i /‘?} 10
8 mE \:3; - 6 5
F | \$
6] — 4 \ -
5 | . T\
| > ‘\‘-____ X
4 =—=6—24 20 2 4 6 8
3 | __—8:6:43_2_ -
N - B
X X — - _
< 3 b 1
—3 % - Dr 123 ¢ — L-;\ . -
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3. Sales for a new magazine are expected to grow according to the equation:
S =200000 (1 —%%%), where ¢ is given in weeks.
(a)  Plot graph of sales for the first 50 weeks.
(b)  Calculate the number of magazines sold, when # =35 and ¢ = 35.

Solution

t 0]/10 20 30 40 50
S(t)| 0]78694 | 126424 155374172933 | 183583

(a)

X
>

0| 1;0 20 30 40 sio 6;0

(b) Fort=15, S =44239.84 and for t = 35,
S=165245.2
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4. Plot the graph of following for x from -5 to 5:

i y=x*-3 () y=15- 2
Solution )
4(i)

x\-51-4 |-3 |-2 |-1 |0 1 2 |3 4 |5
y|22 |13 |6 1 -2 -3 |-2 |1 6 |13 |22
y=x-3
\ e /

20
\ 7

/
= tn

3

2

: Nl SO
5 A3 20472 34 5
o x@”
sy
" O
N
4(ii) ’/g\;(\
x|-5 |[-4 |3 |-241 |0 |1 |2 |3 |4 |5
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1
5. Plot the graph of y = > (x +4)(x —1)(x—3) for x from-5to 4
Solution

x|-5 [-4 [-3 [-2 [-1 4
yl-24 |0 |12 |15 |12 |6 |0 [-3 |0 |12

o
=
N
w

A
b Ax
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6. The supply and demand functions for a particular market are given by the
equations:
Ps= Q? + 5 and Ps = (* — 10Q, where P represents price and Q represents
quantity,
Sketch the graph of each function over the interval O =20 to Q = 20.
Solution

P,=Q%+5

Q|-20 |-15 |-10 |-5 10 15 |20

o
o1

P;1405 1230105 |30 |5 30 105 [230 [405

Py = Q% — 10Q

Ql-20 [-15[-10 |5 Jo [559710 [15 20

P41600 |1375(200 |75 [0 .¢25 |0 75 1200

Graph 2O
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7. A television manufacturer company make 40 inches LEDs. The cost of
manufacturing x LEDs 1s C(x) = 60,000 + 250x and the revenue from selling
x LEDs is R(x) = 1200x. Find the break-even point and find the profit or loss

when 100 LEDs are sold. Identify the break-even point graphically.
Solution

(a) The break — even point (no profit or loss)

The break — even point occur when R(x) = C(X)

1200x = 60000 + 250x

X = 63.16 LED's

(b) Profit or Loss after Sale

P(x) = R(x) — C(x)

P(x) = 1200x — 60000 — 250x

P(x) = 950x — 60000

P(100) = 950(100) — 60000 <
Profit = Rs. 35000 'l

(c) Graph ‘\Q

X

20 |40 |60 (8@ |100 120 |140

C(x) | 65000 | 70000 | 7500080000 85000 |90000 | 95000

R(x) | 24000 | 48000 7%@05 96000| 120000 | 144000 | 168000
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Profit = Rs. 35000
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